THE EXTENDED FARGUES-SCHOLZE SPECTRAL ACTION
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Abstract. Let G be a connected reductive group over a non-archimedean local field. The main
result of Fargues and Scholze [FS21] for the geometrization of the local Langlands correspondence
is the construction of a “spectral action” on the category of ¢-adic sheaves on Bung, the stack
of G-torsors on the Fargues-Fontaine curve. The goal of this paper is to prove a conjecture
of Fargues which says that one can extend this construction to the larger stack Bung of G-
torsors on the Kaletha gerbe over the curve, as introduced by Fargues [Far22|. This “extended
spectral action” allows for a version of the categorical local Langlands conjecture for an arbitrary
connected reductive group G, and is the first such statement for those G which are not extended
pure inner forms of a quasi-split group, such as nontrivial inner forms of SL,,. Finally, we prove
this conjecture for tori, following the original argument of Zou [Zou24| and, when the center
Zg of G is connected and H'(F, Zg) = 0, we reduce the ‘extended’ version of the categorical
conjecture to the one in Fargues—Scholze.
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1. INTRODUCTION

1.1. Motivation and main results. Let F' be a non-archimedean local field of residue char-
acteristic p > 0 and G a connected reductive group over F'. In their seminal work, Fargues and
Scholze [FS21] proposed a categorical version of the local Langlands correspondence in which the
two sides of the correspondence appear in terms of the following categories :

(1) On the automorphic side, one considers Dy;s(Bung) the category of A € {Fy, Zy, Q,} étale
sheaves on the stack of G-torsors on the Fargues—Fontaine curve.

(2) On the Galois side, one considers the category of coherent sheaves on Parg the stack of
L-parameters, introduced independently in [FS21], [Zhu25] and [Dat+25].

The main result of [FS21] is the construction of a spectral action.
Theorem 1.1.1 ([FS21, Theorem X.0.1]). Assume ¢ does not divide the order of m1G)iors if

A € {Fy,Zy}, there exists a canonically defined action, called spectral action, of Perf(Parg) on
Dlis(Bung).

Once this action is in place, one can formulate the following categorical Langlands correspon-
dence.
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Conjecture 1.1.2 ([FS21, Conjecture X.3.5]). Assume G is quasi-split and £ as in Theorem
1.1.1. For (U,v) a fized Whittaker datum for G, there exists a canonical Perf(Parg)-linear and
Whittaker normalized equivalence

Diis(Bung) = IndCohy;p (Parg). (1.1)

The Whittaker normalization in the statement of Conjecture 1.1.2 means that the equivalence
(1.1) sends the Whittaker sheaf to the structure sheaf of Parg. This normalization is also the
reason why it is necessary to assume that G is quasi-split.

From the point of view of the theory of representation of p-adic groups, this categorical local
Langlands conjecture misses certain inner forms of G. Specifically, the stack Bung only witnesses
extended pure inner forms of G. One critical example of this phenomenon is SL,,, none of whose
non-trivial inner forms are pure.

This failure of the categorical conjecture to capture certain inner forms is not a new problem;
the statement of the refined local Langlands correspondence from [Vog93] requires a Whittaker
normalization and thus only applies in full generality to pure inner forms of a quasi-split group.

To access all inner forms in a manner allowing for endoscopy, Kaletha [Kall6| introduced the
notion of rigid inner forms of G and subsequently proposed in [Kall6, §5.4] an expected extension
of the refined local Langlands correspondence which incorporates all inner forms of G and allows
for a general statement of the endoscopic character identities. In more recent work, Fargues
[Far22| has proposed a geometric construction to explain how to frame rigid inner forms within
the geometrization program. Specifically, one defines a certain gerbe! Xg over the Fargues—
Fontaine curve Xg (for some test perfectoid space S) banded by u := yLnE/F’n Resg)p(pn) and
defines

Bung
the ‘extended stack of G-torsors’ as the stack of G-torsors on the gerbe Xg which are basic (the
transition maps for u are given by norms and n/m power maps for m | n; see Definition 2.2.2 for
what we mean by “basic” here).

Theorem 1.1.3 ([Far22]). The stack Bung is a small v-stack and decomposes canonically as
Bung, & |_| Bun&.
AeHomp (u,Z¢g)
Moreover, there is a further non-canonical decomposition
|_| BungA = |_| Bungbx,
AeHomp (u,Z¢g) AeHomp (u,Z¢g)
where the collection of groups {Gyp, } represent all rigid inner twists of G up to pure inner twists.

In very much the same way that open strata of Bung are classifying stacks of the form
pt/Gy(F) for pure inner forms of G, open strata of Bung are classifying stacks of rigid inner
twists of G. R

On the coherent side, one introduces [Far22, §12.1] the extended dual group G¢ defined as

Ge = I%né]\Z (1.2)

where the limit runs through the set of all finite central subgroups of G.
Remark 1.1.4. If G is semisimple, we have Ge = Gy is the simply connected cover of G.

Following [Kall6] and [Far22|, one defines the extended stack of parameters.

We use the notation Xg for this gerbe only in the introduction for ease of exposition; in the main body of
the paper, this gerbe is denoted by [Ts/ts].
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Definition 1.1.5. Let Parg be the stack of framed L-parameters (also denoted by Z!(Wp, @)
in [Dat+25]), so that Parg = ParZ /G. The extended stack of parameters is

Parg = Parg/@e.
It follows from Theorem 1.1.1 and the decomposition (1.1.3) that the category Dyis(Bung;) can

be equipped with an action of Perf(Parg) (provided ¢ is not too small for modular coefficients).
Our main theorem is as follows, which resolves part (1) of [Far22, Conjecture 12.8]:

Theorem 1.1.6 (Theorem 4.3.1). Assume £ is as in Theorem 1.1.1. There is a canonically
defined action of Perf(Parg) on Dis(Bung) which extends the Fargues—Scholze spectral action
on each of the components coming from the decomposition (1.1.3).

With this action in place, we can formulate an extended version of the categorical conjecture.

Conjecture 1.1.7 ([Far22, Conjecture 12.8.2], Conjecture 4.5.2). Assume that £ is as in Theorem
1.1.1 and G is quasi-split. There exists a canonical Perf(Parg)-linear and Whittaker normalized
equivalence of categories

Diis(Bung,) = IndCohpip (Parg).
Following results of [Zou24], we prove the conjecture when G is a torus.
Theorem 1.1.8 (Theorem 4.5.3). Assume G is a torus, then Conjecture 1.1.7 holds for G.

We also expect that it should be possible to reduce Conjecture 1.1.7 to Conjecture 1.1.2, this
takes the form of the following statement.

Conjecture 1.1.9 (Conjecture 4.5.7). The natural functor
Diis(Bung) ®rmdpert(pare) IndPerf(Parg) — Dijs(Bung) (1.3)
s an equivalence.
In particular, if Conjectures 1.1.9 and 1.1.2 hold then Conjecture 1.1.7 holds.

Theorem 1.1.10 (Theorem 4.5.8). If Zg is connected and H (F, Zg) = 0 then Conjecture 1.1.9
holds.

There is also the recent result of Hansen—Mann:

Theorem 1.1.11 ([HM26]). Let G = GL,,, A = Qq, and F a finite extension of Q,. Assuming
[HM26, Conjecture 1.6.2] (compatibility with Fisenstein functors), the spectral action induces a
Whittaker-normalized natural equivalence

Diis(Bungr,, ) — IndCoh(Parg).
Combining the above theorem with Theorem 1.1.10 implies that we can prove the case of GL,,.

Corollary 1.1.12. Assume F is a finite extension of Q,, G = GL,, A = Q, and [HM26,
Congecture 1.6.2] holds, then Conjecture 1.1.7 holds.

1.2. Outline of the construction. Let us outline the key steps in the proof of Theorem 1.1.6.
First note that the stack Parg, fits in the following Cartesian diagram

Parl, — pt/G®

| l

Par¢ — pt/G
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Theorem 1.2.1 (Theorem 4.2.4). Assume £ is as in Theorem 1.1.1. The above diagram induces
an equivalence of categories

IndPerf(Parg) = IndPerf(Parg) @, pes IndPerf (pt/G°).

(pt/G)
Consequently, the main piece of structure required to extend the action of Perf(Parg) is the

data of an action of Perf(pt/G¢) extending the one of Perf(pt/G). Let us briefly recall its
construction from [FS21]. We fix once and for all a geometric point
Spa(C) — Div},

where €' is an algebraically closed perfectoid field of characteristic p > 0. The action of
Perf(pt/G) on Dys(Bung) is given by Hecke functors, i.e. let V' € Rep,G and let Sy de-
note the corresponding Satake sheaf on Hek!S¢, the local Hecke stack of G (over Spd(C')). There
is a diagram

HcklS¢ e — Hekg

- ~ ™~ 2
e ™~

Bung Bung x Spd(C)
where Hcke is the moduli stack of modifications of G torsors at the point y. The corresponding
endofunctor of Djs(Bung), when A is a torsion ring is given by

A TR (A) @ e*(Sv)), (1.4)

upon identifying Djis(Bung) 2 Dys(Bung x Spd(C')). In general, for ¢-adic coeflicients, one needs
to use the formalism of solid sheaves as in [F'S21, Section IX].

Passing to the extended setup, the main technical construction we provide is that of an
extended Hecke stack Hckg, and its local version Hckg10C fitting into a diagram

Hck$'*® <« — Hekg
- ~ ™~ -
s T
Bung Bung x Spd(C).
These stacks are defined in Section 3.2. There are two key subtleties in the definition and
construction of these Hecke stacks.

The first one is that the stack Hckg is not naively the stack of tuples (x, Py, Pa, ¢) where
z: S — Div! is a divisor on Xg, P; are G-torsors on Xg and ¢ is an isomorphism P; = Py away
from the preimage of the Cartier divisor corresponding to x in Xg. This definition yields a stack
which we call Hek&"™¥® (resp. Hck&'°“™™ Y for the local variant) which are defined in Section
3.1. There is a natural inclusion )

Hekg"™™" € Hekg,
which (after base-changing to Spd(C')) is a union of connected components of Hckg,. From the
point of view of geometric Satake, the stack Hckgnaive only allows for modifications of torsors
indexed by Rep(@) and does not witness Rep(@e). Correspondingly, the ‘naive’ Hecke operators
that one obtains in this way are the ones that yield the action of Perf(Parg) on Dys(Bung).

To enlarge this Hecke stack, we forcefully introduce some twists, see Definitions 3.2.6 and
3.2.7, by twisting modifications between G-torsors by certain Zg-torsors which exist only on the
punctured curve (or punctured disks in the local case).

The resulting effect of introducing these twists is that one, a priori, loses the convolution
structure of the local Hecke stacks. This is the second subtlety of the construction: We have to
also redefine a convolution product to equip the category of sheaves on HckgloC with a monoidal
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structure. This is done in Section 3.3. Doing convolution in this way does not glue over Div' and
the corresponding Hecke operator only exists over Spd(C)—it turns out that this is an expected
feature of the construction, see Remark 3.2.9.

Once the convolution is suitably constructed, we can move on to proving the relevant Geo-
metric Satake equivalence.

Definition 1.2.2 (Definition 3.6.8). Let Satly, C D(Hck&'*) denote the full subcategory of
perverse sheaves on Hcklé)c’e which are ULA over Spd(C) and A-flat.

Theorem 1.2.3 (Extended Geometric Satake, Theorem 3.6.12). There is an equivalence of
monoidal categories

Satg CohO’A_ﬂat(pt/Ge - pt/G°)
where the right-hand side is equipped with the convolution monoidal structure.
Consider the relative diagonal

A pt/@e — pt/@e X ot/& pt/ée.

The functor A, provides a monoidal functor Rep Aée — Satg which, in turn, yields the desired
Hecke operators using the same formula as (1.4). We refer to Section 3.8 for the details.

1.3. Relation with [GR25]. In the proof of the Geometric Langlands conjectures, in the final
steps of the proof, the authors do a sequence of reductions: from a general reductive group G
to G semisimple and then to G semisimple and simply connected. To do this second reduction,
they use a 2-categorical Fourier-Mukai transform statement and obtain in particular variants of
the Geometric Langlands equivalence for unramified inner forms [GR25, Corollary 8.10.2] of the
group G over the algebraic curve X at play in loc. cit.. As the formalism of rigid inner forms
has been constructed to handle inner forms of G, it is reasonable to expect that a variant of the
construction of [GR25| in the Fargues—Scholze context would provide categorical equivalences for
inner forms of G. The goal of this section is to have a somewhat informal discussion about the
relationship between Theorem 1.1.6 and the construction of [GR25]. We will assume A is torsion
and G is semisimple for simplicity.

Definition 1.3.1. Let I be a finite flat abelian group scheme over F', we define Ge(T") to be the
stack of gerbes banded by I', defined as

S € Perfd — {fppf gerbes over Xg}.

Dually, we will denote by Ge™# (7, (G)(1)) the condensed algebraic stack over A given by
Ge™8 (71 (G)(1)) := Maps(BW g, B2(m1(G(1)))).
We will now make the following set of assumption about sheaves of categories on these stacks :

(1) the stack Ge™® (1 (G)(1)) is static, i.c. has trivial condensed structure and is determined
by a single co-groupoid,

(2) the stack Ge(Z) is discrete, i.e. as stacks over Perfd, they are pulled back from some
oo-groupoid, and that there is an equivalence of categories between sheaves of categories
on Ge(Z) and Ge™8(Z2).

(3) There is a well defined 2-categorical Fourier-Mukai duality of algebraic stacks over A
(see [GR25, Section 8.1] for a definition)

Ge™8 (11 (G(1))) x Ge™#(Z) — B2G,,. (1.5)
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Note that all those assumptions are reasonable; the last two are analogues of the descriptions of
the corresponding stacks in [GR25, Sections 8.3 and 8.4] and the first one should follow from the

~

finiteness of 7 (G)(1).
Following [GR25], we introduce two sheaves of categories :

(1) consider the map 72"*™ : Bung,, — Ge(Z), then define, as in [GR25, p. 8.6.3]
Dautom e

autom
* Det,BunGad

where Det Bun_, 18 the sheaf of categories whose global sections are De(Bung). We will
view it as a sheaf of categories on Ge®8(Z), by the above assumption.

(2) As the stack Parg is 1-affine, the spectral action of Perf(Parg) on D(Bung) determines
a sheaf of categories Dpay, on Parg?. Consider the map 7P : Parg — Ge8 (71 (G)(1)),
then as in [GR25, p. 8.6.6], one defines

spec .__ ,_spec
DP .—7T*p DParg~

Conjecture 1.3.2 (Analogue of [GR25, Theorem 8.6.8|). Under the 2-categorical Fourier—Mukai

transform (1.5), we have
2-FM(D®Pec) = pautom (1.6)

up to a sign twist.

Let us now relate Conjecture 1.3.2 with Theorem 1.1.6. Recall that we denote by u the group
banding the gerbe Kal and that there is a canonical isomorphism

~

Homp(u, Z) = X*(m1(G)(1)),
and that we have
Bung = |_| Bung)‘.
AeHomp (u,Z)

In particular, there is a Cartesian diagram

e
Bung,, +—— Bung

ﬂ_automl J{Tre

Ge(Z) «— Homp(u, 2)

€VKal
Dually, there is a diagram
Parg —— Parg

| |

BG* —— BG Ge8(my (G)(1))
J |
/
pt —— B2mi(G)(1)

where ev : Ge*8(m1(G)(1)) — B2m1(G)(1) is induced by the map pt — BWp. Note that this
map is 1-affine. Assuming conjecture 1.3.2 and the compatibilities of 2-categorical Fourier-Mukai
transforms established in [GR25, Section 8.4], we obtain an equivalence

* spec * autom
q"evpt,« D% = evi, D ) (1.7)

2For the purposes of this informal discussion, we ignore the differences between QCoh and IndPerf
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Unwinding the definitions of those terms, the left-hand side is
¢*evpt D = D(BUNG) @1 gpes(pe/G) IdPerf(pt/G),

and the right-hand side is
evicy D™ = D(Bung,).

It follows that (1.7) amounts to a version of Conjecture 1.1.9. Note however that it is not clear,
even assuming Conjecture 1.3.2, that Conjecture 1.1.9 holds as it is not clear that the equivalence
provided by (1.7) is the same functor as in (1.3).

1.4. The rigid refined local Langlands correspondence. One immediate consequence of
the extended spectral action constructed in this paper is a statement of the categorical local
Langlands conjecture for arbitrary connected reductive groups. It is also likely that adapting the
methods of [GR25] to the Fargues—Scholze setting, as explained in the previous subsection, also
produces this maximally-general formulation of the CLLC.

Returning temporarily to the non-categorical setting, we want to emphasize that the purpose
of the rigid refined local Langlands conjecture is not just to formulate a parametrization of the
L-packets for arbitrary connected reductive groups. Indeed, the first completely general version®
of the refined local Langlands conjectures is already given in [Art06] by taking the preimage of
the G,q-image of Sy = Zgz(p) in Gse in order to parametrize the L-packets for all inner forms
of a fixed quasi-split group. However, in the same paper, Arthur observes that this approach
cannot yield normalized absolute transfer factors in general.

By defining a version of the refined local Langlands correspondence parametrized by rigid
inner twists, Kaletha proves:

Theorem 1.4.1 ([Kall6, Proposition 5.6]). Given a tempered L-parameter ¢ for a connected
reductive group G with endoscopic datum e, one can always construct a normalized absolute
transfer factor A for (G, ,¢).

Defining such transfer factors is the primary motivation for the aforementioned rigid for-
mulation [Kall6] of the refined local Langlands correspondence, which thus both encompasses
all connected reductive groups and allows for a general statement of the endoscopic character
identities.

One of the eventual aims of the categorical local Langlands project writ large is to bring the
notion of endoscopy for p-adic groups under the umbrella of Fargues—Scholze. Since rigid inner
twists are required to state the endoscopic character identities for groups which are not pure
inner forms of a quasi-split group, it is reasonable to believe that one needs to use the extended
version of the CLLC given in this paper in order to achieve this goal in full generality.

Furthermore, we hope that in the future one can use the extended geometrization to prove a
version of the refined local Langlands correspondence (inspired by an earlier version of [Far22]),
which, among other desiderata, predicts:

Conjecture 1.4.2 (|Dil26, Conjecture 5.1|). For a fixed L-parameter ¢ for quasi-split G with
Whittaker datum vo, there is a bijection

IS, = Trr(S}9), (1.8)

?’By “refined local Langlands conjectures” in this context, we just mean a parametrization of each L-packet
II, using some datum related to the centralizer of ¢ in G.
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where 115, s a |Bung p,g.|-indezed union of the L-packets for ¢ and the corresponding inner
forms of G and (denoting by Sz the preimage of Sy, in G¢)

St = 7S$A .

T (SE NG
We conclude by explaining one potential global application. As explained in the introduction
to [Kall8], rigid inner twists and (a variant of) the correspondence (1.8) are required to state
the conjectural multiplicity formula for discrete automorphic representations of a connected
reductive group G, even when Zg is connected (more precisely, one needs G to satisfy the
Hasse principle and have connected center in order to use extended pure inner forms instead
for this purpose). In the setting of a global function field one has the recent work [LH26]| of
Li-Huerta which reformulates the global Langlands conjecture in terms of the CLLC. We hope
that synthesizing this paper and its techniques with [LH26] can make progress towards proving

cases of the aforementioned multiplicity formula (cf. [Dil26, Conjecture 5.6]) over global function
fields.

1.5. Notation and conventions.

1.5.1. Fields. We let F' be a nonarchimedean local field of residue field F, of characteristic p. We
denote by F , F the completion of the maximal unramified extension and an algebraic closure of
F. We let C' be a fixed algebraically closed perfectoid field over Fq together with an isomorphism
ct =5 F.

We denote by O the ring of integers of ? € {F, F.F, C}.

We shall denote by Galg, Ir, Pr the absolute Galois group of F', its inertia subgroup and wild
inertia respectively. We write Wg for the Weil group of F.

1.5.2. Geometry. We denote by Perfd the category of perfectoid spaces over Fy, as in [SW20,
§7.1] and by Perfde for the category of perfectoid spaces over Spa(C'). For S € Perfd we denote
by Xg the associated relative Fargues—Fontaine curve, as in [FS21, Definition I1.1.15], and denote
by Div' the moduli stack over Perfd parametrizing degree 1 relative Cartier divisors on Xg (as
in [FS21, Definition I1.1.19]).
The datum of the isomorphism C* =5 F amounts to the choice of a point
y : Spa(C, O¢) — Div'.
When the context is clear, we drop the y and just write Spa(C) — Div'.

1.5.3. Categories of sheaves. We let £ # p be a prime and we let A be a coefficient ring. When
A is torsion of residue characteristic £, for a diamond or v-stack X, we denote by

D(X,A)

the category of étale sheaves of A-modules on X. We shall write D(X) if A is clear from the
context. For f-adic (i.e. when A = Z;,Q,), we shall, as in [FS21], use the formalism of solid and
lisse sheaves, see Section 3.8.

1.5.4. Reductive groups. We let G be a quasi-split reductive group over F' together with a Borel
pair (B, T). We denote by (X*(T), X.(T),®,®V, A, AV), the based root datum of (B,T) and by
W the Weyl group of (B,T). We write Z¢ for the center of G. We denote by G the Langlands
dual group, it is a canonically defined pinned reductive group over A and by G = G x Gal r with
Galois action normalized so that for & € AY (a simple root of 6’), we have a Galp-equivariant
isomorphism
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see [FS21, Section VI.11].
To work in the extended setting, we denote by G¢ the extended dual group as defined in
[Far22, §12.1]. This is the (pro)-reductive group over A given as

Ge = Jim GT/\Z
z
where the limit runs through the set of all finite central subgroups Z C Zg.

1.5.5. oo-categories. We shall write Pr for the category of presentable, stable, A-linear categories,
equipped with its usual Lurie tensor product, we write Alg(Pr) (resp. CAlg(Pr)) to denote the
category of algebras in Pr, this is the category of monoidal (resp. symmetric monoidal) categories
in Pr whose tensor product commutes with colimits in both variables.

1.5.6. Miscellaneous. For X a topological space and A a topological abelian group, denote by
C(X,A) the group of continuous functions from X to A. When A is an abstract abelian group
and we do not specify the topology, then it is assumed that A has the discrete topology.

1.6. Acknowledgements. The second author thanks the Max Planck Institute for Mathematics
for its hospitality during the preparation of this paper. We thank Dori Bejleri, Patrick Brosnan,
Tom Haines, David Hansen, Tasho Kaletha, Alex Youcis, and Konrad Zou for comments and
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2. RIGID INNER FORMS AND Bung
In this section we recall some fundamental geometric objects used in the paper.

2.1. The gerbe Kal. We first recall the reinterpretation of Kal from [Far22| as a gerbe over the
Fargues-Fontaine curve.

Definition 2.1.1. (1) Define the pro-multiplicative group scheme D := @n G-

(2) We denote by Kottr the Kottwitz gerbe (this is sometimes denoted by £5° and called
the “isocrystal gerbe” in the literature but we choose Kottg in order to be consistent
with [Far22]), to be the gerbe over Spec(F') corresponding to the Tannakian category
Isocy of F-isocrystals, which is banded by D.

We will frequently just write Kott for Kottz and reserve the notation Kottg for the analogous
object for a finite Galois extension E/F. We also write Kott to denote the corresponding étale
gerbe over Spa(F).

Lemma 2.1.2. There is a canonical morphism over Spa(F')
Xs — Kott
for any S € Perfd.
Proof. For any S € Perfd there is a canonical exact, faithful tensor functor
Isocr — VB(Xg),

where VB(Xg) denotes the tensor category of vector bundles on Xg (by [FS21, §I11.2.1]). We
are then done because Kott is the gerbe associated to the Tannakian category Isocg. (]
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Let E/F be a finite Galois extension. As explained in [Far22, §4.1], we can define an isocrystal
of slope —1 over E as follows. First, one chooses an arbitrary slope-one isocrystal (D, ¢) over E,
and then defines the E-vector space

V(D,¢) ={f: D — B)|f o Frobg = Frobg o f, f(D) C Fil' B2}

cris cris

where B\ is as defined in [FF18, §1.2] (along with its natural filtration and Frobenius action).

cris

The desired isocrystal is defined as
]LE = (D7 gp)\/ ®E‘ V(D7 410)\/

The key property of Lg for our purposes is that if one replaces (D, ) with another slope-1
isocrystal which produces L’; via the above recipe, then there is a canonical isomorphism from
Lg to L (cf. [Far22, §4.1] for more details). Further, it is shown in Lemme 4.3 loc. cit. that,
for E'/E/F two such extensions, there is a canonical identification between

NE’/E]LE’ = ® U*(]LE/)%LE

O'EGalE//E

Definition 2.1.3. The datum of Lg defines a G,,-torsor on Kottg. Recalling that XéE) — Xg
denotes the corresponding finite étale cover of Xg, we can pull this torsor back via the map from
Lemma 2.1.2 to a G,,-torsor over X éE), denoted by Tg/r,s. We can also pull the line bundle
Lg back to Xg, which we denote by L rs. Note that Tg,p g is the sheaf of trivializations of
Lr/Fs-

We define (as in [Kall6, §3.1], where we are using the version without quotients, see [BMD26,

Remark 2.12] for a detailed explanation about the difference)
w= lm Resgyp(in),
E/F.n
where the transition maps are given by field norms and n/m-power maps (for m | n). Simi-
larly, set ¢ = @E/F,n Resp/r(Gy,) and t = l'glE/F Resgr(Gyp,), which fit into the short exact
sequence of multiplicative group schemes over F’
l—u—t—>t—1

The sequence of G,,-torsors on each Kottg obtained from {Lg}g /F defines a t-torsor T on
Kottp =: Kott, and we can form the u-gerbe

[T/t] — Kott,
which is also a gerbe over Spec(F).

Remark 2.1.4. The above construction of the system {Lg}g,/r is a nontrivial part of [Far22]
relying on ideas from p-adic Hodge theory, and we do not recall any details beyond the above
summary and refer the reader to [Far22, §4.1] for a detailed discussion. The only properties of
the system {Lp}p/p that we use here are that it consists of isocrystals of slope —1, is unique
up to canonical isomorphism, and is norm-compatible. In fact, for the purpose of understanding
this paper, it is essentially harmless to replace the system {Lg} g, with the system {(Dg, ¢r)}
of isocrystals determined by picking a norm-compatible system of uniformizers {wg} g/ p for all
finite Galois E/F. Using this system instead will produce the desired spectral action—the subtle
point is that the resulting action will only be canonical up to acting on Bung (cf. Definition
2.2.3) via pulling back by the automorphism of [T/#] determined by the differential of a 0-cochain
valued in u(F).

In fact, since in §3.2 we need to choose a system of norm-compatible untilts {y(E ) } E/F anyway,
one could just as well take the system of isocrystals to be the one obtained by taking the fiber of



THE EXTENDED FARGUES-SCHOLZE SPECTRAL ACTION 11

each O (s (y))V at the closed point of XéE) corresponding to &), In this way, one obtains a
S

norm-compatible system of isocrystals of slope —1 without changing the number of choices made
in this paper.

Definition 2.1.5. We denote by Tg the tg-torsor over Xg corresponding to the norm-compatible
system of G,-torsors {Lg/rs}te/p-

We then obtain a u-gerbe over Xg by taking the quotient stack
[Ts/ts] = Xs.
When F' has mixed characteristic, this is a pro-étale gerbe. When F' has equal characteristic, it
is a gerbe for the v-topology. By [Far22, Corollaire 7.4], there is a canonical identification
[Ts/ts] = X5 XKott [T/
We conclude this subsection by explaining how the gerbes [Ts/ts] and [T/{] are related to
Kaletha’s original construction in [Kall6].
Proposition 2.1.6. We have the following canonical identifications:
(1) Hflppf(F7 u) =0;
(2) HE ((F,u) =Z.
Proof. This is [Kall6, Theorem 3.1] in the mixed characteristic case and [Dil23, Theorem 3.4] in

the equal characteristic case. (I

The Kaletha class is defined as the class [Kal| € prpf(F7 u) corresponding to —1 under the
above identification.

Proposition 2.1.7. (1) The stack
[T/t] — Kott — Spec(F)

is a D x u-gerbe and represents the class [Kott] x [Kal] € prpf(F, D x u). In particular,
the u-gerbe
[T /1] xBE®>% By — Spec(F)
represents [Kal]; denote this gerbe by Kal.
(2) There is a canonical isomorphism of stacks over Xg

[7:5’/55‘} l) XS XSpa(F) Kal.
Proof. This follows from [Far22, Théoréme 5.6] and [Far22, Corollaire 7.4]. O

Remark 2.1.8. One can also directly define a t-gerbe £ over Spec(F) by considering the direct
limit (over all E/F finite Galois and n € N) of the Tannakian categories Zp,p, defined in
[BMD26, §2.5]. It has the property that & = Kal x5 Bt.

2.2. The stack Bung. Let G be an affine group scheme over F'; we denote by Gg the corre-
sponding sheaf of groups on Xg for S € Perfd. We equip the gerbe [Ts/ts] — Xg, which is a
v-stack over S, with its natural étale topology, and denote by Gg the pullback of Gg to a group
sheaf on [Tg/ts] for this topology. When we talk about Gg-torsors on [Tg/ts], we always mean
with this étale topology.

Remark 2.2.1. Occasionally we will talk about Zg-torsors over [Tg/ts] for Z a finite central sub-
group of G, and in such cases will use the v-topology on [Ts/ts] when F has equal characteristic.
This situation will only arise when a Zg-torsor for the v-topology acts on an étale Gg-torsor by
taking contracted products, which yields another étale G g-torsor and is thus completely harmless
for our purposes.
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Given a Gg-torsor P on [Ts /ts], the action of the band determines a morphism of sheaves
over [Tg/ts]
us — M[TS/{S](P)/Gad,S, (2.1)

see [Dil23, Lemma 2.27] for more details.

Definition 2.2.2. We say that a Gg-torsor P on [Ts/ts] is Kal-basic if the homomorphism
(2.1) is obtained by composing a (uniquely-determined) homomorphism

)\’pi us — ZG’,S

with the action Zg g on P induced by its structure as a G'g-torsor.

A priori, the map Ap is a morphism of group schemes over [Ts/ts], but by [Dil23, Lemma
2.42], this canonically descends to a morphism of group schemes over Xg, which we also denote
by )\73.

For S € Perfd and a G-torsor P € Bung(S) we obtain, by construction, a morphism A\p €
Homx, (us, Za,s), which we call the inertial homomorphism of P.

Definition 2.2.3. (1) For G an affine group scheme over F' (usually taken to be a connected
reductive group), we define Bung, to be the functor on Perfd sending S to the groupoid
of all Kal-basic G g-torsors on [Tg/ts].

(2) For Z a finite central subgroup of G, we define Bunf 4 to be the subfunctor of Bung
of G-torsors such that Ap factors through Zg for P € Bung(S5).

Remark 2.2.4. Tt is clear that Bung = lim Bun% .

Definition 2.2.5 ([Far22, Définition 9.1]). For any affine group scheme G over F', define the
extended Kottwitz set, denoted by B.(G), to be the pointed set of isomorphism classes of all
Kal-basic G-torsors on Kott x g Kal (where Kal-basic has the analogous meaning as above). For
finite central Z in G we define B.(Z C G) analogously. Define B.(G)pasic to be the subset of
torsors whose restriction to D x u factors through Zg.

We now summarize a few key results about Bung:

Proposition 2.2.6 ([Far22, Proposition 12.5, Exemple 12.6]). Let G be a connected reductive
group over F'.
(1) The functors Bung, and Bun% o are small v-stacks.
(2) There are canonical identifications
|Bunf,| = B.(G)
and
Buny ;| = B.(Z C G).
(3) For a fized A € Homp(u, Zg), define the substack Buné’\ to consist of all P such that
Ap. = A for all geometric points 5 of S. We have a decomposition (as stacks)
Bung = |_| Bun&.
AeHomp (u,Z¢g)

The same decomposition holds for Bun% - if we replace Z¢g by Z.
Moreover, if b € B.(G) is an element whose restriction to u is A (which always exists),
then twisting by b gives an isomorphism of stacks

Bung" = Bung, .
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(4) For a fivred b € Be(G)pasic, define the substack Bungb to consist of all P such that Ps =2 b
(using (2)) for all geometric points § of S. Then the semistable locus of Bung equals (as

a stack) | ye g, (c)panie Bungb.

Proof. The first two statements are [Far22, Proposition 12.5] and the third and fourth follow
immediately from Exemple 12.6 loc. cit. O

Lemma 2.2.7. We have a canonical identification

HOH]XS (US,ZG S H HOIHF(U Zg)
mo(|Xs1)

Proof. First, we observe that any morphism
us Xgpa(F) Xs — £G,5 Xspa(F) X8

is locally constant over |Xg|, as in the proof of [Far22, Proposition 12.5], which allows us to
assume that | Xg| is connected. The same proof shows that any such morphism is locally constant
over |S|, which reduces us further to the case S = Spa(C,C™), where it follows from the fact
that the étale fundamental group of X¢ is Galg, by [FF18, Théoréme 9.5.1]. O

Remark 2.2.8. (1) Observe that, for any S € Perfde, the fact that G is finite type implies
that any Gg-torsor on [Ts/is], [T /Ls], [Tio¢/is], or [Tg"°/is] is pulled back from a
finite-level version of [Ts/ts] (respectively its punctured and/ or local analogues) obtained
by replacing Ts by Tg/p,s (as in Definition 2.1.3) and ts by tE/Fn 5, where tE/Fn =
Resg/r(Gn) — Resg/p(Gy) = tg/p is the covering by the n-power map with kernel
UE/Fmn-.

(2) It will be useful for some calculations to choose, for once and for all, an F-trivialization
of the gerbe [T/i] — Kott, which determines a Cech 2-cocycle ¢ € u(F®F 3) and which
we can pull back to a 2-cocycle for the gerbe [Ts/ts], also denoted by ¢. This determines
analogous 2-cocycles g/ g, for each finite level ug, . ,-gerbe [TE/F,mS/fE/F,mS] in (1)—
this cocycle is a priori valued in uE/F,n(F®F3), but in fact takes values in ug,p,(E')
for finite Galois E’'/F trivializing [TE/F’n’S/tNE/F’n’S] (for example, choose E C E’ such
that n | [E': E]).

Since Bung, is a v-stack, it makes sense to define, for A a Z-algebra, the category Dys(Bung, A)
as in [FS21, Definition VII.6.1] in this context.

Corollary 2.2.9. Forb € B.(G), we have a canonical morphism of v-stacks Bungb — [*/Gp(F))].
Moreover, the pullback functors

Diis(Bungy”, A) — Diis([#/Go(F)], A) = Duss([Spa(C) /Gy (F)], A)

are equivalences, and all of these categories are naturally equivalent to the category of smooth
representations of Gy(F') on discrete A-modules.

Proof. This result comes from combining Proposition 2.2.6 with [FS21, Proposition VIL.7.1]. O

2.3. Connected components. Recall from [Far22, Definition 9.10] that one has an “extended”
version of the Galois coinvariants of the fundamental group, defined as follows. Recall that ®
denotes the (absolute) root system of T' (with coroots ®¥) and set (®)* := {v € X, (T)g|(, v) €
Z N¥a € ®}. The group in question is given by

¢ (@)

7T1 (G)Gdlp =

(®V) + Tary - Xu(T)'
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where Igal, denotes the augmentation ideal for Galg.
Recall from [Far22, §9.5] that we have an exact sequence

0 — m(G)calp = T1(G)Gal, — Homp(u, Zg) — 0, (2.2)
and also that there is an “extended Kottwitz map” (recalling Definition 2.2.5)
Be(G) — 7Tl(c;’)éalp

whose restriction to Be(G)pasic i a bijection (thus giving the left-hand side the structure of
an abelian group) and whose restriction to B(G) recovers the usual Kottwitz map (see [Far22,
§9.5.3] for these claims).

It follows from Proposition 2.2.6 that there is a map

[Bung| = m1(G)Gal,

which Fargues proves ([Far22, Proposition 12.5]) is locally constant.

By combining Proposition 2.2.6 with the proof of [FS21, Proposition VII.7.3] and grouping
together the fibers of x by their image along the surjection 7(G)g,,, — Homp(u, Zg), we
obtain:

Proposition 2.3.1. (1) There is an infinite semi-orthogonal decomposition of Dys(Bung, A)
nto Dlis(Bungb,A) as b ranges over all B.(G). In particular, we have

Dis(Bung, A) = [  Dus(Bung™™,A).

weﬂ'l(G)éalF
(2) For a fized A € Homp(u, Zg), there is a semi-orthogonal decomposition

Diis(Bun&™, A) = 11 Dis(Bung™ ", A) = [ Du(Bung”,A),

acE‘m(G)galF@\u:/\ IEWI(GIJ)\)G&IF

where by € B.(G) lifts X and the second isomorphism is obtained via twisting (cf. Propo-
sition 2.2.6).

2.4. An affine Grassmannian calculation. The purpose of this subsection is to provide some
calculations which will be used in §3.2.
Consider the affine Grassmannian

GI‘t = %ﬂ GrReSE/F(Gm)
E/F

for ¢, as defined in [SW20, §19] (this direct limit is harmless because sheafification commutes

e:)
with filtered colimits). A compatible system of untilts {Spa(C*, C#+) L— XéE)}E/F, which we
have fixed (cf. §3.9.1 for a discussion of this choice), provides an identification

Gry(C) = X, (1),
and we consider the homomorphism of abelian groups X.(¢) 3 Sh: X*(¢) = C(I',Z) — Z send-
ing a function f to f(e) (here Sh stands for “Shapiro”, which we use because the canonical
isomorphism Homp (¢, T) = X.(T) sends f to f o Sh).
Denote by D¢ the formal disk Spec(Bgr(C')) corresponding to y and DZ, the associated punc-
tured disk.

Lemma 2.4.1. There is a unique trivialization ¢: TS = tc whose image in Gr(C) (by pulling
back to D¢ ) is Sh.
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Proof. For a fixed finite Galois E/F, the torsor Tg,c is the sheaf of trivializations of Lg/p ¢
(as in Definition 2.1.3), viewed as a sheaf of Ox,-modules. The system {y(E)}E/F of untilts
determines an isomorphism of projective systems of line bundles

{ﬁE/F,C}E/F = {OX(CE) (y(E))v}-

Therefore, to trivialize Tg ¢ it suffices to find a norm-compatible system of trivializations of
each line bundle O () (y#)) and, in turn, a norm-compatible system of uniformizing parameters
S

" (y(E))(X(cE) \T'y,), and so the

&g for each y'*). Note that each g can be chosen to lie in O

x4
resulting trivialization 1 of 75 is defined on X¢.

Now % has the correct image in Gr(C'), because, by definition of the isomorphism
GrResE/F(Gm)(C) = HomZ(Z[GalE/F], Z),

the element Sh corresponds to the automorphism of the trivial torsor on D¢ sending e to 5151 €
Resg/r(Grm)(Dg), which is what our map v yields (after picking an auxiliary trivialization of 7¢
on D¢ by using some closed point of X¢ different from the image of y). Taking the projective
limit over E//F gives the result.
For uniqueness, we observe that the collection of Xg-trivializations of 75 is a t(X&)-torsor,
and our choice of untilts {y¥)} determines an isomorphism
t(ng) l> hm Z[FE/F]O,

—
/

&
!

where the subscript “0” denotes the kernel of the augmentation map. Note that X,.(t) =
@Z[FE/F] and, via the identification Gry(C) = X.(t) fixed above, replacing 1 with an
x € t(Xg)-translate sends it to Sh - f, € X.(t), where f, € X.(t) is the cocharacter corre-
sponding to x. ([

Lemma 2.4.2. For any algebraically closed perfectoid field C', the cohomology groups H' (D¢, t)
and H (DY, ,t) are trivial. In particular, the torsor Ter has trivializations on Der.

Proof. We only give the proof for H'(D,,t); the other case is trivial by Henselianity.

Note that the map Resg//p(Gp)(Dg:) — Resg/p(G,,)(Dg,) is surjective, because the kernel
K of this map is a torus and H'(Dg,, K) = 0, due to the fact that Bqr(C”) is a complete discrete
valuation field with algebraically closed residue field (by, e.g., [Ser94, p. I111.2.3]).

In particular, we have yLn(l) HO(]D)"C,7 Resg/p(Grm)) = 0, and thus we have an isomorphism

H'(Dgr,t) = lim H' (D, Resp) p(G)) =0,

where the last equality is again from the fact that Bqr(C") is a complete discrete valuation field
with algebraically closed residue field. O

Fix also Q/NJ an auxiliary trivialization of 7o on D¢, which exists by the above lemma.

3. THE EXTENDED HECKE ACTION

Continue to fix G a quasi-split connected reductive group over F', with a fixed finite central
subgroup Z.



THE EXTENDED FARGUES-SCHOLZE SPECTRAL ACTION 16

3.1. Hecke stacks. Let S = Spa(R, RT) € Perfd. Given a map = : S — Div! corresponding to
an untilt Spa(R#*, R#T), we denote by

D, = Spec(Bj{R(Rﬁ))
and by
DS = Spec(Bar (R?)).
More generally for z : S — (Divl)d, we denote by D, X s the spectrum of the completion

of the corresponding (degree d) closed Cartier divisor on X5 and by D =D, — z NS s, see
[FS21, Section VI.1].
We first recall the local and global Hecke stacks used in [FS21].

Definition 3.1.1 (Local Hecke stack with I legs). Fix a finite set I equipped with an ordered

partition [ = |_|f:0 I;. Define the functor Hcleoc’(Io""’Ik) on Perfd by sending S to the following
data:

k
z=(z;)i—o

(1) A map S —=2=% (Div');
(2) A k+ 1-tuple (P;)F_, of G-torsors on Dy;
(3) A sequence (f;)¥2; of isomorphisms of G-torsors

Pi']l])&\gi l> P’L+1 I]DJi\gZ .

Definition 3.1.2 (Global Hecke stack with I legs). Fix a finite set I equipped with an ordered

partition I = |_|f=0 I;. Define the functor Hckgo"”’j’“) on Perfd by sending S to the following
data:

k
z=(z;)i—o

(1) A map S —=2=% (Div')!;
(2) A k + 1-tuple (P;)%_, of G-torsors on Xg;
(3) A sequence (f;)*=} of isomorphisms of G-torsors

Pilx\T., = Piga | X\, -

We now give the first “extended” variant of these objects. It will turn out that, although this
is the most natural definition of an “extended local Hecke stack,” it is not quite enough for our
full purposes.

The analogue of Lemma 2.2.7 does not hold for D, so we need to make the following definition:

Definition 3.1.3. For S = Spa(R, RT) in Perfd and z € (Div')!(S), we say that P a G g-torsor
on [L;’E}OC/{S] is band-localized if \p € Homp, (ug, Zg,s) extends (uniquely) to a morphism
in Homx (us, Za,s). Note that Ap factors through a fixed finite subgroup Z C Z¢ if and only
if this global extension does.
Definition 3.1.4. Fix a finite set I equipped with an ordered partition I = |_|f=0 I;. Define the
functor Hckg(l")’nalve, resp. H(:kgloc’(j"')’nalve on Perfd by sending S to the following data:

(1) Amap S ﬂ) (Div')7;

(2) A k+1-tuple (P;)%_, of G-torsors on [Ts/ts], resp. band-localized G-torsors on [LZTS]PC/fS];

(3) A sequence (f;)*=) of isomorphisms of G-torsors

Pili7s s g Xs\Le, = PilTs s g Xo\L,
resp. an isomorphism of G-torsors

Pi

[ Ts /s xpDa\e, 7 Pitl[us Ts /s xp, Do\, -
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All of the above four stacks are equipped with natural convolution operations as defined in
[FS21, §VL.g].

Remark 3.1.5. We note that, for any S = Spa(R,R*) € Perfd and z € (Div')!(S), for
the local part of Definition 3.1.4 to make sense we are implicitly viewing the fg-torsor ’TSIOC,
which we defined as the pullback to the formal disk around z of Tg, as an étale fg-torsor over
Spec(B(Eivl), (Rﬁz) (see [FS21, §VIL.1] for the precise definition of this ring), even though 7I°¢ is
a priori an étale tg torsor on the associated adic space.

Since T3¢ is pulled back from a (unique) torsor on Spec(B(Eivl) ; (R*))—this follows from
the explicit description of Tg as coming from finite Galois extensions of F' and isocrystals—the
above maneuver is harmless, and we use it throughout this paper. For completeness, the claimed

algebraic torsor is the one determined by the norm-compatible system (across all finite Galois

E/F) of line bundles given by taking the sections of the line bundle £(Lg) on X éE) at the

completed neighborhood of the graph of z, viewed as a module over the ring B(Jg)ivl) L (RH).
Definition 3.1.6. Denote by Homy (u, Z) the sheaf on Perfd sending S to Homx, (ug, Zs).
We deduce that there are locally constant (by the proof of Lemma 2.2.7) morphisms
Hckg(li),naive7 Hckgloc,(mmaive ~s Hom y (u, Z),

and we denote, for a fixed A € Homp(u, Z¢), the substacks HckZL(Ii)’naive’>‘7 Hckgloc’ui)’naive’)‘ to
be the preimages of A under these morphisms (one could rephrase this condition to match the
statement of Proposition 2.2.6 by insisting that Ap, ; = X for all geometric points 5 of S).

Lemma 3.1.7. For a firzed A € Homp(u, Zg) and a fivzed b € Be(G)pasic whose restriction to u
is A, we can twist by b to obtain isomorphisms

Hckg(li)’naive’A = Hckgz)
and

e,loc,(I;),naive,A ~ loc,(1;)
Hck/ — Hekg, ™.

Proof. We have already seen in Proposition 2.2.6.(3) that twisting gives an isomorphism Bung, —
Bung)‘, and this twisting bijection holds on the local disks D, as well and is functorial on
isomorphisms (it is given by applying the functor — x @ P, for the fixed G-torsor Py, over [T¢/tc]
corresponding to b, where Py is viewed as a (G, G)-bitorsor on [T /tc]). O

We deduce from combining Lemma 3.1.7 with [FS21, Section IX] that the stacks Hckg(li)’naive
and Hckgloc’(li)’nalve give, for any finite set I and V' € Rep((G' xQ)?) (where Q is a finite quotient
of W through which the action on G factors), a Hecke operator

Ty : Diis(Bung, A) — Dy(Bung, A)PWr,
as in [FS21, Theorem IX.0.1], which satisfies all of the properties as in the operators Ty loc. cit.
We can therefore deduce immediately from [FS21, Corollary X.1.3]:

Proposition 3.1.8. There is a natural compactly supported A-linear action of Perf(Z*(Wp,G)a/G)
on Dys(Bung, A)“ which is compatible with the Hecke action and gives, functorially in finite sets
I, exact Rep, (QT)-linear functors

Rep, ((G x Q)7) = Enda (Dys(Bung, A)<)BWr,

where Q denotes a finite quotient of W g through which the action on G factors and the superscript
w denotes Dys(Bung, A)¥ C Dys(Bung, A) the subcategory of compact objects.
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To summarize the situation, the above proposition and the resulting spectral action, are
obtained from the theory of [FS21] by simply decomposing

Hckg(Ii),naive _ U Hckg(h),naive,)\ :_} |—| HCk(G{;z\ (31)
AeHomp (u,Z) AeHomp (u,Z)

(and its local analogue) using Lemma 3.1.7.
In order to construct the full “extended spectral action” from [Far22, Conjecture 12.8], one
needs a version of the Hecke stacks Hckg(li)’nawe, HckZLloc’(li)’nalve

between different Homp (1, Z)-components of Bung,.

which allows “intertwining”

3.2. Extended Hecke stacks. We now define local and global Hecke stacks adapted to the
extended moduli of bundles Bung.
Applying the functor Homg(—, T) to the sequence

lsu—t—st—1
and taking a fibered product yields the short exact sequence
1 — Homp (¢, T) — Homp(f, T) X Hom p (u,T) Homp(u, Z) - Homp(u, Z) — 1, (3.2)
where the surjectivity comes from applying Shapiro’s Lemma and using that Ext}(X*(T), X*(t)) =
0. We fix, for once and for all, a normalized (set-theoretic) section
s: Homp(u, Zg) — Homp(t,T) X Hom s (u,T) Homp (u, Zg),
determining a section
s: Homp(u, Z) — Homp (¢, T) X Hom g (u,T) Homp (u, Z)
of the right-hand map in (3.2) with corresponding normalized 2-cocycle
z € Z*(Homp(u, Z), Homp(t, T)).

By Lemma 2.2.7 we get a section Homx, (us, Zg.s) — Homx, (ts, Ts) for all S € Perfd as well,
which we also denote by s.

As a notational convention, we set D, =: D¢, and for a fixed S = Spa(R, R") — Spa(C) in
Perfdc with corresponding morphism Spa(RF, R¥*) & Spa(C*, C*+), we set Dg = Dy, and
DS = Dy,,. We also set Xg := Xg \ I'zoy and (recall the tg-torsor Tg over Xg from Definition
2.1.5) Td°e, ’7;10(:’0, or 7§ the pullback of Tg to Dg, DY, or X, respectively.

Note that, for any affinoid Spa(R, Rt) = S in Perfd¢, there is a map

[T5°¢/ts] = [Ds/ts] (3.3)
induced by the structure map 73°¢ — Dg, similarly for [Ts/ts] — [Xs/ts].

Lemma 3.2.1. Let X be a site, A an abelian sheaf of groups over X, and H a sheaf of groups
over X. Defining an H-torsor on [X/A] is equivalent to defining an A-equivariant H-torsor on
X.

Proof. See [Shi21, Remark 2.6]. O

For an H-torsor U on a site X and Q a Z C Zy-torsor on X we denote by Q -U the H-torsor
Q x%U.

Lemma 3.2.2. Let T be any F-rational torus. For any S = Spa(R,R") € Perfdc and f €
Homy, (ts, Ts), the pullback along (3.3) of the Ts-torsor on [Dg/ts] determined (in the sense of
Lemma 3.2.1) by the trivial Ts-torsor with tg-action defined by f is canonically isomorphic to

FT) o= T < T,
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The above object is viewed as a tg-torsor on [Ti°¢/ts] via the pullback along [Td¢/ts] — Dg.
Moreover, the analogous statement holds with Dg replaced with Xg.

Proof. We only prove the Dg-case (they are identical). By functoriality, it suffices to prove the
result for T = ¢ (this is only a pro-torus, but for the purposes of this proof it does not matter) and
f =1id. This case follows from the fact that one has a canonical identification [T71°¢/ts] = Dg
fitting into the commutative diagram

[Taoc/ts] — [Ds/ts] — [Dg/ts]

| |

[T5°¢/ts] —— Dsg,

where the map Dg — [Dg/ts] is the one canonically associated to Ti°¢, the map [Dg/ts] —
[Ds/ts] is associated to the tg-torsor on [Dg/#s] from the statement of the lemma for 7' = ¢ and
f = id, and the map [7d°¢/ts] — Dg induced by the diagram equals the structure map of the
gerbe [Td°¢/ts]. O

Definition 3.2.3. For a fixed S € Perfd¢c and A € Homx, (us, Z¢,s), we introduce the following
objects:
(1) Take Q) s to be the Tg-torsor on [Dg/ts] or [Xg/ts] given, via Lemma 3.2.1, by the triv-
ial Tg-torsor and the f-action determined by the homomorphism s()\) € Homx (fg, Ts).
This is where we use the chosen section s.
(2) Take Q) 5 to be the pullback of Qxg to [T§*/ts] or [Ts/ts] via (3.3) or its global
analogue.
(3) Take é)\,s to be the Gg-torsor Q) s xTs Gg corresponding to the embedding T — G
coming from the choice of pinning.

Set Ts := Tg/Zs, and, for a Tg-torsor P, denote by P the Ts-torsor P xTs Tg, similarly
with Gg and Gg. We alert the reader that we will still frequently use the notation 7/Z, G/Z
despite introducing this notational shortcut—its primary purpose is to lighten the notational
load of certain computations.

Lemma 3.2.4. The trivialization v of TS from Lemma 2.4.1 gives a reduction of each Tg-torsor
o\ S|[7—o/ts and Q/\s| 1oc.0 /7] to a Zg-torsor, which we denote by Q s.

Proof. We focus on the Dg-case. Denoting by s(\) € Homx(ts, Ts) the composition g ﬂ)

Ts — Tg, we observe by Lemma 3.2.2 that there is a canonical identification

Qs — 5(N),(T5™).

It follows that, via the pullback of our fixed X g-trivialization v to Dg, which we abusively denote
simply by v, we obtain an isomorphism of T g-torsors over D¢

— SOV, _
» s(A).(¥) Ts.

We take our desired reduction Qy g to be the fiber over e € Tg(D%) via the composition

Qi\,s - Q/)\,S M Ts.

The analogue of this construction with Dg replaced with Xg goes through in an identical manner
(since 1) is defined on X¢). O
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Remark 3.2.5. (1) Our notation does not distinguish between the local and global Q) s-
objects because the difference between them causes no risk of confusion—one checks
easily that the localization of the global version is canonically isomorphic to the local
version.

(2) Our above construction gives a map

Homp(u, 2) = Z;([T"*" [is], Zs)
(one can take étale Zg-torsors when F' has mixed characteristic), which we warn the
reader is not multiplicative. This is also true for Dg replaced with Xg.

We can finally define the extended Hecke stacks:

Definition 3.2.6 (Extended local Hecke stack with n legs). Fix n € N. Define the functor
Hck"Zlgé” from Perfdc to groupoids by sending S to the following data:
(1) An n + 1-tuple (Po, P1, ..., Pn) of band-localized (as in Definition 3.1.3) Gg-torsors on
the gerbe [T4°¢/ts] such that each Ap, factors through Zg;
(2) A sequence {f; ?:_01, where f; is an isomorphism of G g-torsors

Q/\i+1/)\i7s . ’PZ‘|[7-Sloc,o/£s] — Pi_i'_l‘[Tslloc,o/fS],
where \; := Ap,.
(3) A morphism from ((P;), (f:)) to ((P), (f])) is a sequence (h;)}, of isomorphisms P; LN
P! of Gg-torsors over [T°¢/ts]—note that this forces A\; = A;—such that h;ll oflo
(Q)\Hl/)ms . hl> = fi for all 3.
The global version is completely analogous, but we write it out fully for completeness.

Definition 3.2.7 (Extended global Hecke stack with n legs). Fix n € N. Define the functor
Hck% 2, by sending S in Perfde to the following data:

(1) An n + 1-tuple (Py, Py, ..., Py,) of Gs-torsors on the gerbe [Ts/ts] such that each Ap,
factors through Zg;
(2) A sequence { fi};’;(}, where f; is an isomorphism of G g-torsors

Qi /ris * Piliejis) = Pivilire jig)-
(3) Morphisms in Hck% 2 (S) are defined in an identical way as for HckeZ]COCG"(S)
The following is immediate:

Lemma 3.2.8. For Z C Z' C Zg there are transition morphisms
Hek 08" — Hek,2%, Hekyr , — Hekl . (3.4)

See Remark 3.4.5 for the relationship between the above definitions and Definition 3.1.4 (their
“naive” analogues).

Remark 3.2.9. A notable feature of these extended Hecke stacks is that, for S = Spa(R, RT) €
Perfdc every coordinate in (Div')™(S) is a relative Cartier divisor for S which factors through
the map Spa(R?, R#*t) & Spa(C*,C%+) £ X¢. In rough terms, our constructions of Hck%lcog"
and Hck% 2, do not “globalize to all of X¢”.

This failure to globalize can be expected, since, as we will see in §4, if this construction
did globalize (as in the case of the “naive” analogues in Definition 3.1.4), we would obtain a

Rep, (QF)-linear functor
Repa ((G/Z x Q)7) = Enda (Dys(Bung, A)*)ZWe,
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which is unreasonable. In particular, it would imply that every (Fargues—Scholze) L-parameter
for G can be lifted to an L-parameter for G/Z.

3.3. Convolution on extended Hecke stacks. We now define a convolution operation on
these extended Hecke stacks. The local and global cases are identical, so we construct this in full
detail only in the local case. This will be a morphism

Hck?lggz L Hck%lcogl.
Let ((Po, P1,P2), (fo, f1)) € Hck%lcog2 (S); the goal is to define an isomorphism of Gg-torsors
on [Tg*° /is]
xa/20,5 * Po s Py
We first form the composition

Qxy/21,5 fo
e LAY

Qs /1,5 (@ar/n0,5 - Po) Qxa/r,s P1 ELN Ps, (3.5)

and observe that
Qo/n1,5 01 /20,5 = (Qro/20,5° D /ng5) @ro /1.5 Do /20,5 = Qo /20,57 (90 n0.57 Dra /A8 /20,5

To lighten the notational load, temporarily set a := z(Aa/A1, A\1/Xo). We note that the right-
loc,o

handed bracketed factor is, by Lemma 3.2.2, canonically identified with the Zg-torsor a,(74°“7)

on [T>°/Ts] (viewed as the pullback of the corresponding torsor on D).
We thus have an isomorphism of Zg-torsors

oc,o a (1)
Qo/nns Qu/nos = Qus - Quaynos = G(T%) - Qayyng.s = Quujngss  (3:6)
which we denote by a.(¢).
We then define the desired isomorphism g to be the composition (over [TSIOC’O /ts])

a*(dfl) Q s f
Qnu/nes - Po 2 Q4 s - (Oanjngns - Po) —22052 00 s PLS Py, (3)

where we abusively use a.(1)~!) above to denote the isomorphism obtained from the inverse of
(3.6) by acting on Py.

Everything done above works the same with Dg and D% replaced with Xg and X§g, defining
a convolution morphism

e,2 15 e,l
HCkZCG — HCkch'
It follows that for any 1 <1i < n — 1, there are well defined maps

e,loc,n e,loc,n—1 e,n en—1
pi  Heky g™ — Hekyoq™ 7, Heky - — Hekz g

that compose f;_1 and f; in the sense defined above. In the case n = 2, we have p; = p.

Proposition 3.3.1. The above convolution map equips Hck%lggl with the structure of an algebra

in correspondences. More precisely, we have a well-defined functor A°? — Corr that sends [1] to
Hek30G" and the map [1] — [2] to the above multiplication.

Proof. This functor is defined by sending [n] to Hckglcogé”, and a morphism [m] — [n] to the

corresponding map Hckezlgén — Hck%lcoélm determined by the convolution defined above.
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The fact that this assignment is unital is clear (by taking the trivial modification), and so it
suffices to show that the following associativity diagram commutes

e,loc,3 251 e,loc,2
Hekzog® —— Heky oo

b

e,loc,2 [ e,loc,1
Hekzcg™ —— Hekz g -

For notational brevity, we set (i, /Aiy, Aiy /Nig )« (1) = ij}iz,is' First, we observe that the
square
Va2,
Oxrs/00,8 " Po ——————— Qx,/2.,5 " Dra/20,5 * Po

J¥ato 1 |@smasvit
Vi
Qxs/a,8 2ai/ne,s * Po — @ag/ne,s - /s - Lai/ro.s - Po

commutes, by the two-cocycle condition.
The following square also commutes for elementary reasons:

Qxs/x1,5fo

Ars/21,5 * Qai/ro,s - Po Qxrs/x,5 - P1

iwgil iwgil

Ox3/20.5°Cxo /21,5 fo
Ors/20,5 " Dro/ni,5 " Qai/res  Po ————————— Qxy/nes * Daa/nn,s - Pre

Starting with (Py, P1, P2, Ps, (fo, f1, f2)), going right and then going down yields the modifi-
cation isomorphism

f20 Q00,8 10 (Qaaynn,s - f0) © 2(A2/A1, A1/ A0) (¥ )] 0 2(A3 /A2, A2/ Xo) (¥ 7F)  (3.8)

from Py to P (on [T5°° /is]).
Similarly, going the other direction in the diagram yields the modification

[£20 Qs /am,s * f1) 0 2(A3/A2, Ao/ A) (7] 0 (Qag/anus - f0) 0 2(A3 /A1, A/ Xo)« (07 1). (3.9)

Noting that the last two maps in both above modifications are equal, we are reduced to proving
that the corresponding first parts of the compositions are equal (remove the “fy 0 Qy,/x,.5 - f1”
terms from the beginning of both).

We then deduce result from the fact that the first part of the modification (3.8) is obtained
from going right and then down in the first diagram, followed by taking the bottom map in the
second diagram, and the first part of the modification (3.9) is obtained from going down and the
right in the first diagram, followed by taking the long path (up and around) between the bottom
two terms in the second diagram. O

We conclude this subsection by recording some standard compatibilities.
Proposition 3.3.2. There is a “global-to-local” map
Hek% e — Hck%lgg’"

which for any i makes the following diagram Cartesian

en Hi e,n—1
Heky- — Hekyog

| |

e,loc,n i e,loc,n—1
Hekzog™ —— Heky g .



THE EXTENDED FARGUES-SCHOLZE SPECTRAL ACTION 23

Proof. This is a straightforward consequence of the fact that our local trivializations (3¢ are
pulled back from the fixed global trivialization 1. O

Lemma 3.3.3. For Z C Z' C Zg, convolution maps on the local and global extended Hecke
stacks are compatible with the transition morphisms (3.4) in the obvious sense.

Proof. This is clear. O
Definition 3.3.4. We set Hckgloc’" = ligz Hck‘glggn and Hekg" = liénz Hck?&G.

By the above two results, we have a localization map Hekg" — Hckgloc’" and convolution
maps
1 . loc,n—1 : o n—1
Hckg °“™ — Hekg °“" ™7, Hekg" — Heky"

which are compatible with localization.

3.4. Quotient maps. As we will see shortly, a crucial property of the extended Hecke stacks
defined above is that they admit maps
Hck%lcogn 5 Hcklgjgl, HckZ 2, 5 Hckg/z.
We explain the construction of the local version of 7; the construction of its global analogue
is essentially the same. Recall that for S € Perfd we use Gg to denote Gg/Zs.
The following general result about descending torsors on gerbes will be used repeatedly:

Lemma 3.4.1. Let X L5 X be a gerbe banded by an abelian group A. Let H be a sheaf of
groups on X, and suppose that U is an f*H-torsor on X such that the inertial action (2.1) is
trivial. Then f.U is an H-torsor on X and the adjunction map f*f.ld — U is an isomorphism
of f*H-torsors on X.

Proof. First, observe that we have a canonical identification f.f*H = H, and so there is an
action morphism f.U xx H — f.U. It suffices to show that the map f.Ud xx H — f.U xXx f.U
is an isomorphism. This may be checked after passing to a cover which trivializes X, so we can
assume that X = [X/A].

For the map [X/A] — X, if we use Lemma 3.2.1 to describe H-torsors on [X/A], then push-
forward sends an A-equivariant H-torsor V on [X/A] to V4. When the A-action is trivial, we
get the claimed result. O

We will now explain how to map a point (P, (fi)) € Hekyog" (S) for S € Perfdc to a point of

Hckl(';;g(S). We define 7 on tuples of torsors by sending (P, ..., Py) to (Po, ..., P,) (recall also

that P; := P; x“s (), which descends canonically (by pushing forward along [74°¢/ts] — Dsg,
using Lemma 3.4.1) to a G g-torsor on Dg, also denoted by P;.
Observe that there is a canonical isomorphism

90)\114»1/)\%7)1' : QAj+1/)\¢,S : PZ :_> ﬁ (3'10)

because, by construction, Qy,.,/x, s is a Zg-torsor.

To define the modifications (g;) using the modifications (f;) from Hck;lgé’"(S), we take the
composition
Nop1 /APy

__ P
gi:="Pi Qxnipr /N5 Pi L P,
where f; := (— x%5 Gs)(fi).

Since all of the above constructions are evidently functorial in S € Perfdc and globalize, we
obtain:
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Proposition 3.4.2. The assignment

(P, (fi)) = (Pi, (94))
defined above gives morphisms of functors over Perfdo

eloc,n ™ loc,n e,n ™ n
Hekzog™ — HCkG/Z, Heky - — Hekg z

which are compatible with the transition maps (3.4) and the global-to-local maps from Proposition

Remark 3.4.3. (1) We will not use the global map =, but we include it above for complete-
ness.
(2) Tt is clear that the above map factors canonically as a composition

e,loc,n loc,n L loc,n loc,n
Hekzoa" — HCkG/Z,Spd(C) = HckG/Z Xpiyt Spd(C) — HCkG/Z,

and by abuse of notation we will sometimes also use 7 to denote the first map in the
composition (this is harmless).

The next result is essentially a formal consequence of our construction, but we write out the
proof for completeness (the reader is advised to skip it on the first reading).

Proposition 3.4.4. The following diagram is strictly commutative for anyn and 1 <i<n-—1,

- [

loc,n i loc,n—1
HckG/Z — HCkG/Z .

The same statement holds for the global analogues.

Proof. We prove the local case when n = 2—the general case follows immediately from this one.
For S € Perfdc, applying the convolution first on a pair (Po, P1, fo) and (Py, P2, f1) and then
applying 7 gives (P, P2, g), where g is the composition

—1
__p i — z(2/A M1 /)« (T
Po —2227% 05, s - Po e o) 07

Qxns/an,5 " (@ar/ng,s - P1)
followed by

Qxg/rg,8f0 oo o —
Qa/nn,s - (Qar/ne,s - P1) ———— Qi /a8 - P1 — Pa.

On the other hand, applying 7 and then convolving gives the composition

-1 -1
Px1/20:Po Pra/A1.Py

Po A1 /70,5 * Po Jo, P Dro/r,s° Pr N Ps.

Equality of the two compositions then reduces to proving the equality

Qna/anss 00 20 /AL A AW 0 03y p = 03 a0 fo 003 0

and therefore further, using @;21/)\177)1 ofo= Qxa/ans - oo 90;21/&,7’1’ to the equality

2(A2/A1, A1/ X0)« (1) o 90;21/%’730 = (p;zl/hﬂ’l o @;11/,\0,730- (3.11)
We note that, by definition,

22/ A1 M /20)x (071) = 0705, a1 A /30) Po

and that, as Zg-torsors,

QZ()\Q/)\l,)\l/)\Q),S : Q)\Q/)\(),S = Q)\Q/)\l,S : Q}\1/)\g,S7
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and so we deduce the equality (3.11). 0
Recall that we have a locally constant morphism
Hek§o%! 2 Hom y (u, Z)?

(where Hom y (u, Z) is from Definition 3.1.6) given by sending (Py, P1, f) to (Ao, A1), which
induces a decomposition (as v-stacks)

Hekglog! = | | Hekiogh oA, (3.12)

(Mo, 1)EHomp (u,Z)?
Remark 3.4.5. It is easy to see that
HCk%?g{Oyl},naivc X Digl Spd(C) _ I—I Hckglggl7()\,>\)7
AeHomp (u,Z)

similarly with the global versions.

There is an analogous decomposition for Hcleojg. Recall that, by [SW20, Proposition 21.1.4],

Wo(HCklg(/:é) is canonically identified with 71 (G/Z), which fits into an exact sequence
0— 7T1(G) — 7T1(G/Z) — Homf(/i, Z) — 0.
We thus obtain a locally constant map

loc,1 v
Hckg;Z — Homy(u, Z)

by taking the composition

Hek S5, — mo(Hek)y ) — Homp(p, 2),

as well as a decomposition (as v-stacks)

loc,1 loc,1,A
HckG/Z = |_| HckG/Z .

A€Home(1, Z)
We make the elementary but important observation that we have an isomorphism
Homp(u, Z) = Homz(u, 2) (3.13)
given by A — Ao élvl, where Sh is the map ji — uz given by the morphism on character modules
C(Galp,Q/Z) — Q/Z
sending f to f(e).

Proposition 3.4.6. For Ao, A\1 € Homp(u,Z), the substack Hck;lccgl’(ko”\l) maps via T into

Hcklg;;(’\l /X0)oSh

Proof. The fact that v is locally constant implies that it suffices to show that Hck;lggl’(%’Al) (S)

maps into Hcleojg’(’\l/’\”)oshh(S) for S = Spa(R,R™) € Perfdc with R an algebraically closed

field. By the proof of Lemma 2.4.2 (with ¢ replaced by G), we may assume that the fixed X €
Hck%?gl’()‘o’/\l)(S) is of the form (Qx,.s, Qx,.5, f) (see Definition 3.2.3 to recall the definition
of Qx,.s). ~ N

Moreover, for a Zg-torsor U on [Td°¢/ts], the tuple (U - Qx,.5,U - Oxr,.5,U - f) also lies in
Hck%lgé’l(S) and has the same image in Hcklg‘;g (S) as (éAo,Sa éAhg, f). This lets us replace X
by a U-translate to further assume that X = (Gg, éx,s, f) for some A € Homp(u, Z). Finally,
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it is straightforward to check that replacing f in X with f o (Q s -a) for any automorphism of
torsors Gg|py — Gs|ps does not affect the image of 7(X) in Homp(u, Z) = m1(G/Z)/m(G).
Recall the isomorphism
o~
Ors-Gs — Qs

where h is the canonical map

z R’ T S
Ors XS Gs — Qs x 5Gg=0g

(again, see Definition 3.2.3 to recall Q) s—here I/ is obtained via the isomorphism from Q) gx s
Ts to Qy,s implicit in the definition of 9y g). Since any given isomorphism

Qs -Gs ER é,\,s
differs from the map h by such an automorphism a, it is enough to prove the result for the
object X = (Gs, FQVA,S,h) € Hck%lcogl’(l’/\)(S). By construction, X is the image of the element
(Ts,Qx5,h) € Hck%lcof[il’(l’)‘)(S). Since we have a commutative diagram

Hek 0! () —— Hekpjy (S) —— X.(T/Z) —— Homp(u, Z)

| | | Js

Hek o6 () —— Hek5y () —— m1(G/Z) —— Homp(u, Z),
we can reduce further to the case where G = T is a torus.

By definition, the image X’ of X in HcleO;;(S) is (Ts,Qx5,ho L/);lfs )—we can and do view

this as a point in the affine Grassmannian Gry,z(S). By the way we have set things up, X’ is

the image of the point (Tg, T3¢, ~1) € Gr,(9) via the map ¢ =0, T/Z. We deduce from the
commutativity of

s
Gri(S) =2 Gryz(S)

]

X.(1) 2% x,(1/2)

(and the definition of ¥ from Lemma 2.4.1) that the image of X’ in X,(T/Z) is s(\) o Sh, whose
image in Homy(u, Z) is exactly A o Sh. O

Henceforth, we will implicitly use the isomorphism (3.13) to identify Hom g (u, Z) with Hom4(u, 2)

rather than writing the map explicitly. For example, we write Hcklgjg’)‘l/ A0 to denote the stack

loc,1,(A1/X0)oSh
Hck,, /7 .
3.5. Extended affine Grassmannians. To understand perverse sheaves on Hck%lcogl we need
to introduce and study a version of the affine Grassmannian which is adapted to the extended
Hecke stack Hck%lcogll.
First, denote the local Hecke correspondence by

e,loc,1
Heky g

\7)
i3

BeLtG BeL*G,
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where B°LTG denotes the functor on Perfdc sending S to the groupoid of Gg-torsors on
(T3¢ /ts]-

Definition 3.5.1. (1) Define the functor Gr??&”\l) from Perfdc to groupoids as the fiber

~ —
Of Q)\l), under h |Hckez,g)é,1,(xg,xl>.

Explicitly, this is the functor sending S to all pairs (P, f), where P is a band-localized
Gs-torsor on [Td°¢/ts] whose inertial morphism is A\g and f is an isomorphism of Gg-

loc,o /7
torsors over [Tg™" /ts]
f ~
Ori /20,5 ° P = Qi s-

Morphisms between (P, f) and (P’, f’) are isomorphisms of Gg-torsors over [T3°¢/ts]

which are compatible with f and f'.

~ —
(2) More generally, we can define Gr%éG(S) as the fiber of Q) _ under h. It is easy to see

that we have a decomposition

eX e,(\, )
Grjce = |_| Grycq™
N eHomp (u,Z)
e _ e,
(3) We set Gr e = Uyentomp(u,2) Cr7ca-

By analogy to the usual affine Grassmannian, we have:

Lemma 3.5.2. The automorphism group of a fized point X € Gr?éG(S) for S € Perfde is
trivial.

Proof. Let a be an automorphism of the Gg-torsor P over [Td°¢/ts] such that fo(Qys-a) = f.

It follows that Qy s - a is trivial as an automorphism of Qy g - P over [TSIOC’O /ts], and is therefore
trivial on [TSIPC/ES]. O

By construction, there is a canonical identification
Hekypgh oM = aryle™ /Lt a.
Since m(Grg) = ﬂo(HckIGOC’l) = m1(G) for any connected reductive G, we obtain, as in the
previous subsection, a locally constant map
v: Grgyzspacy — m(G/Z) — Homgp(p, Z) = Homp(u, Z),
and a decomposition

Grayzspa(c) = |_| Grg/Z,Spd(C)'
AeHomp (u,Z)

Proposition 3.5.3. There is an L™ G-equivariant functor between groupoids over Perfdc

e.(Ao,Ap) wroAn) A1/Xo
Grylc - » BTG 7 Spd(0)

making the following diagram commute:

e,loc,1,(Xo, 1) T loc,1,A1/Xo
Hecky - e HckG/Z

I |

e,(Mo,A1) 7o) A1/Xo
Gryleg™ — GrG/Z,Spd(C)’

where the top map is from Proposition 3.4.2 (and we are also implicitly using Proposition 3.4.6).
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Proof. This is immediate from the definition of the (extended and classical) affine Grassmannians
and the compatibility of the two local Hecke correspondences. ([

Lemma 3.5.4. There is an isomorphism

e,(Xo,A1) ~ e,(1,A1/X0)
Gryla — Grycg

over Grg/z spa(c), defined by sending (P, f) to (Q)\O—l’s . P,z(/\l,)\gl)*(wfl) o (Q)\al,s - ).
Proof. This is a straightforward computation. (Il
Proposition 3.5.5. The map 7*0*) is an isomorphism of v-stacks.

Proof. Lemma 3.5.4 reduces us to the case where A\g = 1 and we set A1 /A9 = A, which simplifies
computations. Next, observe that there is an isomorphism of functors (which is not L*G-

equivariant) over Perfds
~ e, (1,
Grg,spacy — GTZ’(ClG) (3.14)
defined by sending (P, f) to the torsor P along with the isomorphism

Q . ~
Oxs-P Srsd, Ors-Gs =03

On the other hand, one has a (non—L*G—equivariant) “translation” isomorphism
1 ~ A
Grayzspae) — G¢/z.5pa(0) (3.15)

given by sending (M, f) to (M, s(A),(¥) o s(A),(~1) o f), cf. the proof of Proposition 3.4.6
(and ¢ is the auxiliary Dc-trivialization from the end of §2.4). The canonical map Grg spa(cy —
Grg/z,spd(c) factors as the composition

Grg,spa(o) = Gré‘/Z,Spd(C) = Grg/z,8pd(C)-
Now, observing that the following diagram commutes

(3.14) e,(1,A) 7N
Grg,spa(c)y — Grz(cc) B Gré/Z,Spd(C)

J Jo

~ (3.15)
Grg spac) —— Gl%;/z,spd(C) B Gfé;/z,spd(cy

we deduce the result from the fact that the bottom line is an isomorphism. (I

Remark 3.5.6. Proposition 3.5.5 shows that, via the isomorphism 7(*-*1) | the locally spatial dia-
mond Gré(g‘c";’h) inherits a natural stratification from the Schubert stratification of Grgl/g ‘ép 4(C)
which is indexed by all v € X,(T/Z)" 1/ where the superscript “A;/\¢” means that the image
of v in Homg(p, Z) is A1 /Ag. The same then holds for Hck%lcogl. In particular, we can talk about

the Schubert cells Gr%?&i‘l) and Hck??g}u for v € X.(T/Z)H 1/ o,

Define B¢L*Z to be the functor on Perfdc sending S to the groupoid of Z-torsors on [T4°¢/s],
which is a Picard groupoid.

Corollary 3.5.7. The map Hck%?gl’@o’)‘l) 5 Hcklg;;)‘l/)‘ﬂ from Proposition 3.4.2 is a Z =
LT Z-gerbe.
Proof. This is a consequence of the equalities Hck%lcogl’(’\o’h) = GrZ(CAC“;”\l)/L*G, Hcklgjg”\l/’\o =

Grgl/;%pd(c)/L*(G/Z), and Proposition 3.5.5. O
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Finally, all of the constructions in this section are functorial in Z C Z' C Zg, in the sense
that there are canonical “transition morphisms”

GI“EZCQ — GI“EZ,C@
which are compatible with the map from Proposition 3.5.3 and the above identifications with
H ke,loc,l d H ke,loc,l
CRzcg and Hzicq-
3.6. Geometric Satake. We assume that our coefficient ring A is killed by n coprime to p.

Definition 3.6.1. Given a triple Ao, A1, Ao € Homp(u, Z), define the extended convolution

. S0, = -
affine Grassmannian GreZ(C(O; 122) 5 he the fiber over Q),,— under h |Hcke,1oc,2,(A0,A1,>\2).
ZCG

The convolution morphism from §3.3 induces a convolution morphism

e,(Xo,sA1,A2) M e,(Ao,A2)
Gry o — Gryla .

Recall the classical convolution affine Grassmannian Grg/z spd(c) xGrg /z.spd(c) for G/Z,
which is equipped with a canonical isomorphism
Gre,z.spa(c)XCrayz,spaic) — Grayzspac) X Grayz,spd(c) (3.16)
sending (770,7)17 (fo» f1)) to ((P()» fio fo), (731» fl))

There is a locally constant map
Grayz,spa(c) X Grayz.spa) = HekGy7 gpa oy — Homy (u, 2)%,

and for A\, N € Homp(u,Z) we define Grg‘/’;)spd(c) as the preimage of (\,\’) under this map.

Using this convention, we observe that convolution gives a map

(AN) AN
Gr )7 spaccy = GG rz,spa(0)-

Remark 3.6.2. The above displayed map is the same as applying the identification

- (3.16)
Grg/zspd(c)XGrayz,spac)y — Grayz,spac) X Grayz,spd(c)
and then, denoting the map Grgz spa(c) — Homy (u, Z) by ¢, taking the map (q1/g2, g2) (where
g; is ¢ composed with the i-projection).
Lemma 3.6.3. For fized Ao, A1, A2 € Homp (u, Z), there is an isomorphism

(MosA15A2) e,(Xo,A1,A2) ~ (A1/Xo,A2/A1)
T Gryle — G 7'504(0)

making the following diagram commute

e,(AosA1,A2) e,(Ao,A2)
Gryca » Gryla

lﬂuo,xl,xz) lw (3.17)

Gr()‘l/)‘o’)‘2/)‘1) A2/Xo

G/Z,Spd(C) ’ Grc/zspd(cy

where the horizontal maps are convolution and the right-hand vertical map is from Proposition
3.5.5.

Proof. We first define w(*0-21:22) and prove it is an isomorphism. It is given by sending the object
(7)0, P, (fo, fl)) S Gr;(c)\g;’)\l’)\2)(5) to

(Po, P1, fo © @a /x0,P0» 5(A2) (1) © (f1 © ©xy/00,p,)
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where again we are using a fixed auxiliary De-trivialization ¢ of Toec. As is the case (the
isomorphism (3.16)) for the classical convolution affine Grassmannian, combining convolution
with the projection gives a canonical isomorphism

Gri Qo) 2 GryBote) s gl (3.18)

the proof of this isomorphism claim is straightforward and left to the reader.
The fact that 7(*0-*1:22) is an isomorphism follows from the commutativity of the following
diagram:

e,(A0,A1,)2) (3.18) e,(Xo,A2) e,(A1,A2)
Grzle » Gry oo x Gryle

lﬂ.(/\ovhvkz) lw

Gr(>\1/>\07)\2/>\1) (3.16) e X2/Xo

r )\2 /)\1
G/Z,Spd(C) G/Z,Spd(C

) X GIG/7 spaco):

where all other maps are isomorphisms by the above arguments and Proposition 3.5.5.
It remains to show that the diagram (3.17) commutes. Going right and then down gives

(7)707 S(Az)*(lz) 0 2(A1/Ao, A2/ A1)«(~ 1) o fro (Q,\Q/AI,S “fo) o <P/\2/,\U,7>o)~
Going the other direction yields

(Po, 5(X2), (1) o fi o Pra/Aipy © J0 09N /20, P0)s

and so again we are done by the definition of the cocycle z in the same way as in the proof of
Proposition 3.4.4 (the Hecke stack analogue of this statement). O

Remark 3.6.4. One can define Gr%@é""”\") in a manner completely analogous to Definition 3.6.1.
The same proof as that of Lemma 3.6.3 shows that there is an isomorphism

€,(X0seesAn) (A1/ 205 A0 /An—1)
Gryla = Grg 7 804(0)

for any n > 1. Moreover, we have a canonical identification
Gr;(CAé"”’A")/L-i_G _ Hckglggn’(Ao"”’A")
which is compatible with any of the convolution maps for 1 <i <n — 1.

For any small v-stack S — Spd(C) we set Hck%gg}s = Hck%?gl Xspd(c) S, similarly with
Hck%lgé’lé(/\o’h) and Gryz g g- One can define perverse sheaves on Hek$26 s in a manner which
is a verbatim analogue of [FS21, Definition/Proposition VI.7.1], whose proof is identical because
of the isomorphism of affine Grassmannians provided by Proposition 3.5.5:

Proposition 3.6.5. Let S — Spd(C) be a small v-stack. For any Ao, \1 € Homp(u, Z), there
is a unique t-structure (PD=<°,?D=%) on Dét(HckZ?B}é(Ao”\l),A) such that

Ac pDEtO(Hckglcog}S’(A”’m, A)

if and only if for all geometric points 5 of S and allv € X, (T/Z) T /20 the pullback of A to each
open Schubert cell Hck%lcoglg’(jo’)‘l) of Hck;lggig(/\o’h) (as in Remark 3.5.6) sits in cohomological

degrees < —(2p,v), where p is the half-sum of the positive roots of G.
The above proposition, along with the decomposition
Bl =[] HAggO
(Mo, 1)EHomp (u,Z)?

lets us define (relative) perverse sheaves on Hck%lgé’}s for S as above.
The following direct analogue of [FS21, Proposition VI.7.2] follows immediately:
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Proposition 3.6.6. For any S — Spd(C) a small v-stack the pullback functors
Perv(Hek oG i A) — Dee(Grylg s, AP
and
Perv(HCk%lgg,ls, A) = Dei(Grzeg.ss A)Pd
are fully faithful.

Corollary 3.6.7. Let S — Spd(C) be a small v-stack. For a fized Mg, \1 € Homp(u,Z), the
pullback along
HckeJoc,L(Ao,)\l) 1) Hckloc,l,kl/)\o

ZcG,S G/Z,8
induces an equivalence of categories
PerV(HCklg;;’;‘l/Ao, A) = Perv(Hck%?g}é(Ao’Al), A). (3.19)

Proof. By Corollary 3.5.7, the above map 7 is a Z-gerbe, where Z = LTZ C L™G because
Z is finite. Proposition 3.6.6 implies that the pullback of F € Perv(Hck;?g}é(Ao’/\l),A) to

Dét(Grg(CA&gl), A)P4 has a unique LT G-equivariant structure, and (using the identification from

Proposition 3.5.5) the restriction of this action to Z is trivial. It follows that F descends along

7 to given an object of Perv(Hcklcc;;g’Al/>‘°7 A). O

Definition 3.6.8. For S — Spd(C) a small v-stack, we define the Satake category
Sat(Hek 26 5 A) € Dey(Grles M)

to be the preimage of Sat(Hcleojgy’é\l/’\o,A) (in the sense of [FS21, Definition VI.7.8]) under
pullback by the isomorphism 7(*o-A1)

Remark 3.6.9. It is straightforward to check (using Proposition 3.5.5) that this is the same as
the full subcategory of all objects in Dg (HCk%lé)g}é(Ao’Al), A)P? that are universally locally acyclic
and flat perverse.
Similarly, we define
Sat(HekzGs, A) = 11 Sat(Hek7oq 32N A) € Deg(HekGg's, A)P,
(Ao,)\l)EHOII]F(u,Z)2
which again we can characterize as all bounded objects that are universally locally acyclic and
flat perverse.
Proposition 3.6.10. Fiz S — Spd(C) a small v-stack and Ao, A1, Ay € Homp(u, Z)

(1) The following convolution diagram is commutative
Det(Grzl8s), A) x Den(Grzls?), A) —— Dat(Grzlg s, )

A1/ Ao /A N
Det(Grey/5'%, A) x Deu(Greg/ g, A) ——— Dea(CGrgy/%, A)
(2) IfAe pDiO(HCk;?g,lé(/\m)\l)’ APt and A € pDéiO(HCkE?g}é(/\hh)a A)Pd then Ax A €
PDZ (Hekyouldror) Aybd.
(3) If A A" Sat(Hck%lcogz}S’A) then Ax A € Sat(HCkEICOEl}S,A).
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(4) There is a commutative convolution diagram

Sat(HCkglgg’lé(/\O’Al),A) X Sat(Hck%lgg’lé()\l’)\?)’ A) —— Sat(HCk;lé)g}é(Ao’M)7A)

s 5

Sat(Hcklé;;’;‘l/Ao,A) X Sat(HCklg;g”gz’/Al,A) _— Sat(HCklg;;’?/)‘(ﬂA).

Proof. This comes from combining Lemma 3.6.3 with Proposition 3.6.6, Corollary 3.6.7, and
[FS21, Proposition VI.8.1]. O

Passing to the dual side, denote by Z the A-group scheme Cartier dual to Homy(X*(Z),Q/Z),
which fits into the central extension
1- 27— GT/\Z -G 1.
Note that there is a canonical identification
X*(Z) & Homp(p, Z) = Homp(u, Z),

which we will use without comment. - R
By taking the weight decomposition of V' € Rep,(G/Z) and restricting to Z (viewed as a

A-group scheme), this category has a natural X*(Z)-grading.
Consider the category

b Repy (G/Z) /™,
(/\0,)\1)EI‘IOI}’AF(U/,Z)2
which carries an additive, associative, non-symmetric “convolution” monoidal structure deter-
mined by the formula (defined on individual summands)
V) X W a) = (0@ w)(a )

if A; = A, and zero otherwise.

Remark 3.6.11. One can identify the monoidal category €y, \,)eHomp (u,2)? RepA(C?/\Z))‘O/)‘l
(with ) with the category
0,A-fl =77 =TT
Coh™” A" (pt /G /Z X ot/ pt/G/Z)
equipped with the convolution monoidal structure. This gives an alternative interpretation of
the monoidal category appearing above.
We obtain an analogue of the geometric Satake isomorphism:
Theorem 3.6.12. We have an equivalence of monoidal categories
Sat(Hek§o%!, A) = ( D Rep, (G/2)*/™ ). (3.20)
()\g,)\l)EHomF(u,Z)Z
Proof. Using the canonical identification of monoidal categories

Sat(Hcklg;;Spd(c), A) = Rep, (G/2),

from [FS21, Theorem 1.6.3] we observe that the equivalence (3.19) from Proposition 3.6.7 is
identified with an equivalence of categories
Sat(Hck%lggl’(Ao’Al)7A) = RepA(CY/\Z))‘O/’\l.

This map is given explicitly by sending a representation V' € Rep A(G//\Z ))‘0/ A1 to the pullback of

the Satake sheaf Sy € Sat(Hcklgjg’M/Ao,A) to Sat(Hck%lggl’()‘o’Al), A).
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Moreover, Proposition 3.6.10 implies that, via the above identification, the convolution map
Sat(Hck;lggl’()‘o’Al),A) X Sat(HckZlggl’(Al’M),A) — Sat(HCk?COgl’(AO’)‘Z), A)
is identified with the tensor product map
Rep, (G/2)/ x Repp(G/Z)M /% — Repy (G/2)/=.
Now applying the disjoint union decomposition

eloc,1 e,loc,1,(Xo,A1)
Hek3 26! = | ] Hck %6
(Xo,A1)€Homp (u,Z)?

from above, we see that convolution between perverse sheaves supported on (A, A;) and (Ag, A;)-
components with A; # A yields zero. Together with our previous observations from this proof,
we deduce an identification

Sat(Hek3 o6, A) = D Rep, (G/Z) /™,
(Xo,A1)EHomp (u,Z)?

with the monoidal structure x on the right-hand side. O
It is also clear that, via the above identification, the pullback map
loc,1 e,loc,
Sat(HCkG/Z,Spd(C)7A) — Sat(HckZCGI,A)

corresponds to the embedding

Repy(G/2) > @ Repu(G/2)/™ (3.21)
(Xo,A1)EHomp (u,Z)?

determined by sending 7 € RepA(C?]\Z))‘ to D ) eHomp (u,2)2 T

Remark 3.6.13. Using the alternative description from Remark 3.6.11, the embedding (3.21)
corresponds to pushforward of coherent sheaves along the diagonal

— A — —
pt/(G/Z) = pt/(G/Z) Xy & Pt/ (G/Z).
Lemma 3.6.14. The embedding (3.21) is a monoidal functor.

Proof. This is an elementary calculation. ([

The following result comes from the proof of Theorem 3.6.12 and the functoriality of the
geometric Satake isomorphism from [FS21]:

Corollary 3.6.15. The isomorphism from Theorem 3.6.12 is functorial in Z C Z' C Zg via
pullback along the transition maps (3.4) and the functor

D Repy (G/Z)%0/* — D Repy (G/Z/)0/*

(Xo,A1)EHomp (u,Z)? (Xo,A1)EHomp (u,Z’)?

induced by the maps G{/E’ — C?/\Z and Z — 7.
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3.7. Global Hecke stacks. Recall from [SW20, Proposition 19.1.2] that, for any S € Perfd¢
and effective Cartier divisor 3 € Div®(S ), there is a faithful functor from the category of triples
(U,V, f) consisting of a Gg-torsor U on Xg\T'y/, a Gg-torsor V on D,., and an isomorphism

f:Ulpe, = Vlpe,
Yy Yy

to the category of Gg-torsors on Xg (see also [FS21, §II1.3]). We call such a triple (U,V, f) a
Beauville-Laszlo triple for Xg. One can define the category of Beauville-Laszlo triples in a
completely analogous manner for [Tg/ts] as well.

Lemma 3.7.1. There is a functor from the category of Beauville-Laszlo triples for [Ts/ts] to
the category of Gg-torsors on [Tg/ts].

Proof. By Remark 2.2.8.(1) we can replace [Tg/ts] and [T§*¢/ts] with € = [Tg/p.5/tr)/Fn.s]
and £l°¢ := [T}iﬂO/CF.,S/EE/F,mS] for some finite Galois E/F and n € N. By Remark 2.2.8.(2) the

gerbe & is trivialized by the finite étale cover X éE ) for some finite Galois extension E' /F and is

represented by the Cech 2-cocycle &¢ = £g/p,yn, Which are compatible for varying £/F and n.
According to [Dil23, Proposition 2.50], the category of Gg-torsors on £ is equivalent to
the category of {g-twisted Gs-torsors whose objects are pairs (7', ¢), where T' is a ug/p,-

equivariant G g-torsor on X éE )

XéE/) XX XéE/) such that d¢ (as defined in [Dil23, Lemma 2.37]) is translation by {¢. Morphisms
are isomorphisms of torsors that are compatible with the respective maps ¢.

Given a Beauville-Laszlo triple (U, V), f) for £ (descended from a given triple for [Ts/ts]), we
denote by (U, ¢v), (V,¢v),g) the corresponding triple where (U, ¢y) and (V, ¢y ) are twisted
torsors.

The triple (U,V, f) is a Beauville-Laszlo triple for X éE ), so by Beauville-Laszlo for Xg.E ) we

can glue this to a Gg-torsor T' over X éEl). Moreover, the functoriality of Beauville-Laszlo for

¢ . N . .
and 77T — 73T is an equivariant isomorphism of G g-torsors on

X éE/), after applying the identification

XE s xE = | X,
GalE//F

implies that, since ¢y = ¢y o Mg on |_|ID(SEI)’O7 we can glue these two maps to obtain an
isomorphism of torsors

w7 2, w5
over X éEl) X xg X éE/). Finally, faithfulness of Beauville-Laszlo for X éE/) implies that since doy
and d¢y are translation by &g, so is d¢. The pair (T, ¢) gives the desired Gg-torsor on &.

All of these constructions are functorial in the triple (U, V), f) because of the functoriality of
(E") O

Beauville-Laszlo for Xg
Consider the Hecke correspondence

e,l
Hekyc

Bung Bung.

— —
Proposition 3.7.2. The maps h and h for Hck;ch are ind-proper.
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Proof. Tt suffices to prove this for each Hcke’l’(Ao’)‘l). In this setting, pulling back the closed
Schubert cells of Hckezlgg (cf. Remark 3.5.6) gives (as a v-stack)

e,1,(Ao,A1)

Hck%égo,)\l) — lingCkZCG,SV

%
for v e X.(T)Z)* A1/, Moreover it suffices to show that h is proper for each Hck%lc’g“zil),

since h can be identified with h (for Hcke’l’()‘l’)‘“)) after applying the isomorphism given by
switching the torsors.

Working v-locally on the target allows us to check the result for S — Bune’ strictly totally
disconnected. We claim that the fibers of h over points X € Bung Al(S) for such S € Perfdc
are isomorphic to the extended twisted affine Grassmannian

(AosA1)
GchG <v x X

1

parametrizing, for S — S, pairs (P, f) of a Gg/-torsor P on [Td9¢/ts/] with Ap = \g and f an iso-
morphism from Qj, /s - P to X on [TIOC °/ts:] bounded by v. We could then deduce the result
by Proposition 3.5.5, since identifying X with é)\l s over [Td°¢/ts] (possible by [FS21, Lemma

II1.2.6] because S is strictly totally disconnected) identifies GrZ’(C’\é’il) XX with Grz’(g‘g’g} x S.
To prove this description of the fiber, the same argument as for Hckg holds provided that one
has a surjective “Beauville-Laszlo” morphism

e,(AosA1) & e,\o
Grylg " xX — Bung™ x S,

of v-stacks.
The existence of the morphism comes from Lemma 3.7.1 because a given object (P, f) €

[GreZ(C)‘C“; A S x ](S) defines a Beauville-Laszlo triple
—1 —1
(P, QAO/)\MS . X7 Q)\O/)\hg : f)
for [Ts/ts]. This morphism is surjective by the argument in [FS21, Proposition I11.3.1]. O

3.8. Extended Hecke action. This subsection is mostly (until the main theorems at the end)
a formal summary of some of the ideas in [FS21, §IX]| and why they still work in this extended
setting. In this section, A is a Zs-algebra.

First, taking the direct limit of the isomorphism from Theorem 3.6.12 over all Z/¢"Z[,/q] gives
an exact Z/(Z[/q]-linear monoidal functor

P Repy, [ q)(G/Z)*/* — Sat(Hek; G, Zil /7)),
(Xo,A1)EHomp (u,Z)?

where the right-hand side is the inverse limit of Sat(Hck%lCOgl,Z/ﬁZ[\/@]) for all . We pass
everything further to Z, for simplicity.

Denote by Dg(Bung, A) the category of solid sheaves of A-modules on the v-site of Bung.
Recall from [FS21, §IX.2| that there is a Rep, (Q)-linear monoidal functor

Repy-(G % Q) — Dm(Hekg™", Zy)

given by composing the functor V +— Sy with A — D(A)Y, where D(A) denotes the (relative)
Verdier dual in the sense of [FFS21, §V.6].
In our setting, we obtain an analogous monoidal functor

) Repy—(G/Z)/™ — Sat(Heky8", Zq)
(Xo,A\1)EHomp (u,Z)?
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and then composing with A + D(A)Y, where D is the Verdier dual relative to the projection
Hck‘glcogl1 — Spd(C)/L*G gives an exact monoidal functor

&) Repy—(G/2)/" — Dm(Hek52g" Zy), (3.22)
(Xo,A\1)EHomp (u,Z)?
where convolution in D.(Hck%?gl7Z) is as defined in [FS21, §VIL5] (all of the machinery
developed in this aforementioned section of [FS21] works for Sat(Hcklgc’l,Z) replaced with
Sat(Hckgggl’(Ao’Al),Zg) or Sat(Hck??gl,Zg)).
We can then extend linearly to obtain an exact A-linear monoidal functor
&P Rep, (G/Z)/*t — Dm(HekGi25", A);
(Mo, 1)EHomp (u,Z)?

we denote the image of V¢ under this functor by Si..

Remark 3.8.1. Since each Hckgggl’(%”\l) — Hckgjg’é‘;é()‘c",) is a (trivial) Z-gerbe and we do not

exclude the case where ¢ | |Z], it is not automatically true that the above functor (3.22) (and
therefore its extension) is the same as pulling back the corresponding functor for Hckléjg along
this gerbe. This potential discrepancy is due to the failure of taking Verdier dual to commute

with pullback.

We then obtain a monoidal functor
D Rep, (G/Z)*/* — Dm(Hek§L ., A) (3.23)
(Xo,A\1)EHomp (u,Z)?
by pullback along Hck?lcg 5 Hck%lgzll (using Proposition 3.3.2 for the monoidality).
Observe that there are two natural “Hecke correspondence” diagrams. The first is

e,1,(AosA1)
Hek ;26

e
% \
Bung)‘O Bung)‘1 )
which gives rise to a canonical A-linear functor
Da(Hek§e 50 A) = Funy (D@ (Bung™ x Spd(C), A), Dm(Bung™ x Spd(C), A)).
Combining this across all A\, A1 gives an analogous monoidal functor

D (Hck( ;. A) — Enda (Dm(Bung x Spd(C), A)). (3.24)

We thus obtain the composite functor, for any V' € @y, 1,)etomp (u,2)? RepA(GT/\Z)AO/)‘l;

Tye: Dys(Bung, A) — Dm(Bung x Spd(C), A)
given by the formula L
A hy(h ARk (E*S).)),

- -

where hy is the left adjoint to h* in the category of solid complexes of A-modules.
The following result is an analogue of [FS21, Proposition IX.2.1]:

Proposition 3.8.2. For any V° € @y, \,)eHomp(u,2)2 RepA(CT/\Z)AO/Al, the functor Tye de-
fined above restricts to a functor

TVE . Dlis (Buna A) — Dlis(Bunga A)
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The resulting functor
&) Rep, (G/2)*/* — Endy (Dys(Bung, A)), VE — Ty,
(Xo,A\1)EHomp (u,Z)?

1s monoidal.

Proof. For the first part, the proof of [FS21, Proposition IX.2.1] holds verbatim if one replaces
Hckl(‘;)c’1 (in our notation—the notation loc. cit. is different) with Hck?lcogl’()‘o’/\l) and uses
%

Proposition 3.7.2 and the description of the fibers of h from its proof along with the “ex-
tended” analogue of Demazure resolutions (as in [FS21, §VL5]) for the closure of Schubert cells
of Gr;(c)‘é’;’)‘l) obtained by pulling back the usual Demazure resolutions for cells (cf. Remark
3.5.6) of Grgl//;:%pd(c) along the isomorphism w(*>:*1) from Proposition 3.5.5.

The second part follows from the fact that Ty is obtained by restricting the endomorphism

of Dg(Bung x Spd(C), A) obtained from mapping V¢ along the composition (3.23) with (3.24),
which is monoidal, to an endomorphism of Dy;s(Bung, A). O

The second Hecke correspondence comes from the “naive” extended Hecke stacks (Definition
3.1.4) Hck%é’gawe and Hck;lcogl’“awe for a finite set I. Explicitly, it is given by

e,I,naive
Heky g

T

Bung Bung x (Div').
Recall from Proposition 3.1.8 that there is, for each V € Rep, (G x Q)1), a functor

Ty : Dis(Bung, A) — Dyg(Bung;, A)PWVr,
These functors are defined by running the [FS21] machinery for a completely identical recipe as
in [FS21] but for the naive extended Hecke stacks, using the decomposition (3.1) to rigorously
justify that all of the proofs go through verbatim.
In particular, the assignment V' +— Ty gives a monoidal functor
Repa (G % Q) — Endpep (o) (Diis(Bung, A))PWr.

e,{0,1},naive

Observe that base-changing Hck, = along our fixed divisor Spd(C) % Div! yields a
Cartesian diagram

Hek %m0 sy Spd(C) ——— HekG L,

l |

e,loc,{0,1},naive e,loc,1
Hek,-q X pivt Spd(C) —— Hck% g

and that we have an embedding

Hek G s i Spd(C) — HekG L,

which realizes Hckg{co(’;l} PAVE o et Spd(C) as the substack
|| Heazeg < | | Heko0) = HekGL, (3.25)
AeHomp (u,Z) (A N)€eHomp (u,2)?

and that this also holds for the local analogues of both stacks.
Using these maps, we obtain:
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Theorem 3.8.3 (Extended Hecke action). (1) There is a W-linear natural transformation

D  Repa((“G)®) = Enda(Diis(Bung;, A)) PV,
Homp (u,Z)

(2) There is a commutative diagram in Cat’ ™

DB (ror1)cHomp (u,2)2 REPA(G/Z) N0/ M —L— End, (Dys(Bung;, A))

oblvT Toblv

@Homp(u,Z) R‘epA(LG) ﬁ EHdA(DﬁS(BunE, A))BWF7

where the “oblv” map first restricts to Dyom, (u,2) Rep, (G) and then embeds via the map
A= (A A) on the gradings.

Proof. The first part is Proposition 3.1.8, which, to recall, just breaks up the naive Hecke stack
and applies the theory of [FS21] to each component.

For the second part, note that one has separate Hecke operators associated to Hck?lcog{o’l}’naive X Divl

Spd(C) and Hck%lcog{o’l}’naive (and their global analogues), which fit into a commutative square

GBHomp(u,Z) (RepA@) EHdA(DliS(BUHE, A))

OblvT Toblv

Dromp (u.2) (Rep, F@G) — Endy (Dyis(Bung,, A))BWr .,

The claimed commutativity holds by [Han24, Theorem 1.4.4] (which itself summarizes [FS21]),
after applying the decomposition (3.1) to reduce to the non-extended case.
We deduce the result from the commutativity of

— Te .
®()\o,>\1)EHOIHF(u,Z)2 RepA(G/Z)AO/)\l — EndA(DhS(Bung,A))

w I

Driomp (u,7) RePA(G) ————— Enda(Dyis(Bung, A)),
which is immediate from the inclusion (3.25) and the above construction of the operators Tye. [
By considering the monoidal embeddings

— 55 (3.21 —
Repp("G) = @D (Repy“G), Rep, (G/2) 22 D Reps (G2,

Home (. 2) (Ao, A1) €Hom p (u, 2)>2
one obtains:
Corollary 3.8.4. (1) There is a W-linear natural transformation
Rep, ((“G)*) — Enda (Dyis(Bung, A))ZPWE;

(2) There is a commutative diagram in Cat’ *™"

Rep, (G/Z) —Z—— Endy (Dyis(Bung, A))

oblvT Toblv

Rep, (FG) — End (Dyis(Bung,, A))BWr,
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Theorem 3.8.5. There is a commutative diagram in Cat$ "

Repy (G°) —X— End, (D (Bung;, A))

oblvT Toblv

Rep, (FG) — End (Dyis(Bung,, A))BWE,

Moreover, for V¢ € RepA(ée), the action of Tye on Dis(Bung, A) preserves all limits and
colimits, and the full subcategories of compact objects.

Proof. ¥ix Z C Z' C Zg both finite. The construction of the Hecke action for Z takes place on
the closed and open substack

el e,1,(Ao,A1) e,1,(Ao, A1) _ el
HekGl g = | ] Hek3, 200 < | ] Hek?, o0™) = Heky g,
(Xo,A1)€Homp (u,2) (Xo,A1)€Homp (u,Z’)
in a way which is compatible with the decomposition
Bun g = |_| Bung)‘ — |_| Bung’)‘ =Bun% .
AeHomp (u,Z) AeHomp (u,Z")

The first part of the theorem then follows by Corollary 3.8.4 and taking the direct limit over all
Z.

The proof of the second part comes from the identical argument as in the proof of [FS21,
Theorem IX.2.2] (for each finite 7). O

3.9. Dependence on choices. Continue the notation of the previous subsections. There were
two choices made above:

(1) The choice of system of untilts {y(*)} /r lifting a given y required for the identification
Gri (C) = X, (t);
(2) The choice of section s of the surjection

Homp(, T) X Hom  (u,T) Homp (u, Z) — Homp(u, Z). (3.26)
Remark 3.9.1. Although the pinning of G was required to define each Gr‘;(c)‘é’;’Al)7 the Hecke
action constructed above only depends on Hck?lc’g‘ “”\1), whose definition is independent of this

choice.

3.9.1. The divisors. The choice of a fixed y € Div'(C) already implicitly appears in [FS21] by
using the étale fundamental group of Div!. For fixed y, any two choices of systems of untilts
{yiE)} g/r and {ygE)} E/F are conjugate under some unique o € Galp. The difference btween

the two resulting trivializations 1y o ¢! is translation by a unique element ¢, € (X&) from
which one obtains dt, € Z1 (X2, u).

Lemma 3.9.2. The class [dt,] € H(XZ,u) is nontrivial. In fact, it is even nontrivial in
Coker[Hy, (Do, u) — Hy (D, u)].
Proof. Combining the Kummer sequence with Shapiro’s Lemma gives an identification
Hy(X&,u) = @Z[FE/F](M

and under this map [dt,] maps to [e] — [0]. 3

For the second claim, we use purity for closed immersions (|CS24, Theorem 7.1.2|) to identify
Coker[H{, (Do, u) — Hflppf(]]])‘(’;,u)] with HO(C,u(-1)) = @Z[FE/F] and observe that [dit,]
again maps to [e] — [o]. O
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In particular, since H) (X¢, u) = Hf, ¢(F,u) = 0 by Proposition 2.1.6 (using [Far22, Théoréme
11.4] for the first equality), the class [dt,] does not lift to a class defined over X¢ and, locally,
does not lift to a class defined over D¢.

The cocycle dt, defines an automorphism of the gerbe [75/ tc], denoted by z,.

Lemma 3.9.3. For A € Homp(u,Z) and S € Perfde, the Zg-torsor obtained using 12, denoted
by Q&%g, is related to Q(;?g (defined using 1) by the formula

2 1
%% = 20, (Q%).

Lemma 3.9.2 (and the sentence following it) implies there is no automorphism of [T¢ /¢], or
even of [T}°¢/tc], lifting 2,, and therefore no obvious way to use z, to define an isomorphism of
the (local or global) Hecke stacks associated to the two distinct {ygE)}. It is therefore not clear
to us what effect the choice of {y(®)} /r has on the resulting Hecke action (Theorem 3.8.3).

Remark 3.9.4. Tt is interesting to note the parallel between the necessity of choosing the lifts
{y(E)}E/F for y € Div'(C) in this paper and the necessity of choosing a section of the map
V& — Vi (where V' denotes the set of places of a global field F') in order to define the global
Kaletha gerbe in [Kall8§].

3.9.2. The section s. The construction of the extended Hecke stacks (Definitions 3.2.6 and 3.2.7)
relied on a choice of section s for the surjection (3.26).

Using Shapiro’s lemma, we may identify Homp(f, T) with X,(T)g and Hompg(u, T) with the
group X, (T)q,z. It follows that picking a section of Q@ — Q/Z determines a section of

Hompg(f, T) — Homp(u, T),

and therefore, by restricting to Homp(u, Z), the desired section. We can thus make a “distin-
guished” choice of section by taking the one corresponding to the section Q/Z — Q valued in
[0,1). However, we will show shortly that the resulting Hecke action (Theorem 3.8.3) does not
depend on the section s at all.

Any two sections s; and s, are related by the formula s, = s;¢, where Homp(u, Zg) —
Hompg(t, T) is a function (a “1-cochain”). Denote by iHck%EG the corresponding extended (local
or global) Hecke stacks for i = 1,2. There is an isomorphism

"HekG g 2 PHeky o
sending (for n = 1) (Py, Py, f) to (Po, P1, foc(A1/ o)« (®)), where by foc(A1/Ao)«(¥)) we mean

the composition (using Lemma 3.2.2)

c(A1/X0)« () f
QE\QR/,\O,S Po = (Q(All)/Ao,s - e(A1/X0)«(Ts)) - Po —— Qf\ll)/,\oﬁs -Po = Pr1.

Lemma 3.9.5. (1) The map n. is compatible with convolution.
(2) The map n. commutes with the projection maps ZHck?lcogl — HcleO;E from Proposition
3.4.9.

Proof. The first claim is a straightforward calculation. Unpacking the constructions, the second
claim reduces to proving the identity

1) D (D) o HD
Pr1/No,Po = c(A1/A0)« () 0 PX1 /Ao, Po’

g\ll)/AoPo denotes the canonical isomorphism Py —» ngl)/Ao,S - Po from (3.10). The desired

identity then follows from the equality
51(A1/20)«(¥71) = (A /A0)« (1) 0 52(A1 /X0)« (7) = e(A1/X0)« (1) 0 [s1(A1/Ao)e(Ar /A0)] (1)

loc,o

of isomorphisms of torsors from Tg to s1(A1/Ao)«(Tg""7). O

where ¢
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Putting the above lemma together with basic functoriality properties gives:

Proposition 3.9.6. All of the maps in the commutative diagram in part (2) of Theorem 3.8.3
remain the same for any choice of section s of (3.26).

4. EXTENDED SPECTRAL ACTION
We continue to assume that G is a quasi-split connected reductive group over F'.

4.1. Extended stack of parameters. Recall that we denote by Parg := Parg / G the stack of
parameters of G as introduced by [FS21], [Dat+25] and [Zhu25]. Recall as well that we have
introduced the extended dual group

G*=lmG/Z
zZ

where the limit ranges through finite central subgroups Z C Zg. As in [Far22], we introduce the
extended stack of parameters to be
Parg, := Parg /G°.

We note that it naturally fits into the following pullback square of stacks over Spec(A)

Parl, — pt/G°

J l (4.1)

Parc —— pt/G.

4.2. Spectral action patterns. In this subsection, we fix C € Prp a compactly generated A-
linear presentable category. The goal of this subsection is to explain what data determines an
action of Perf(Parg) on C.

Let us define functors FinSet — Cat$ ™

Rep, (FG)*) : I+ Repp((“G)); (4.2)
here, the category Rep(I') has to be understood as Perf(BT").
We denote by
End(C)BWF : I — End(C)BWVr. (4.3)

~

Theorem 4.2.1 ([Ari+20], [FS21, Theorem X.0.1]). Assume that ¢ does not divide |71 (G )tor| if
A =74, Fy, then there is an equivalence of categories between W-linear natural transformations
of functors
Rep, ((*G)®) — End(C)PWr

and compactly supported actions of Perf(Parg) on C.
Remark 4.2.2. Recall from [FS21] that compactly supported means that for all compact objects
X € C, the functor

Perf(Parg) — C

F—Fx*xX,

factors through a quasi-compact substack Pary; C Parg of parameters which are trivial on some
small enough compact open subgroup P’ C Pr of the wild inertia.

We now want to state and prove the extension to get actions of Perf(Parg).

Theorem 4.2.3. Assume £ is as in Theorem 4.2.1, then there is a canonical equivalence between
quasi-compact actions of Perf(Parg) on C and the following data :
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(1) @ W-linear natural transformation Rep, ((*G)*) — End(C)PWF,

(2) a commutative diagram in Cat5 "

Rep, G© -, End(C)
oblvT Toblv (44)
Rep, "G —— End(C)PWr
Proof. Tt follows from [FS21, Theorem X.0.1] that there is a well-defined quasi-compact action
of Perf(Parg) on C.

Recall also from loc. cit. that for each V € Rep, G, there is a canonical vector bundle
Ey € Perf(Parg)PWVr | such that the functor
C Eyvx— CBWF

is canonically isomorphic to the functor Ty-. Let us denote by univ : Rep, G — Perf(Parg)?WVr

the functor V + &y . There is a commutative diagram in Cat% "

Rep LG ™Y, Perf(Parg)BWVr —— End(C)BWr

Oblvl loblv loblv

Rep, G — Perf(Parg) —— End(C)
The commutative diagram (4.4) yields a commutative diagram in Cat’y ™"

RepAé o, Perf(Parq)

"

RepAée T End(C)
It follows that there is a monoidal functor
Perf(Parc) ®p,pp/a) Perf(pt/G¢) — End(C).

By Theorem 4.2.4, we have Perf(Parg) Obert(pt/3) Perf(pt/G®) = Perf(Parg) and the theorem
is proven. O

The pullback square (4.1) yields a map

IndPerf (Parg) ) IndPerf (pt/G¢) — IndPerf (Parg). (4.5)

®IndPerf(pt/é

Theorem 4.2.4. Assume that £ does not divide the order of Wl(é)tor if A =Ty, Z,, the functor
(4.5) is an equivalence.

Proof. If A = Qy, this follows from [BZFN10, Theorem 4.7]. We now assume that A = Fy, Zj;
by [FS21, Theorem VIIL.5.1], the map Parg — pt/G yields an equivalence

IndPerf(Parg) = O(Pary) — Mod(IndPerf (pt/G)).

The statement now follows formally from [GR17, Chapter 1, Corollary 8.5.7]. O



THE EXTENDED FARGUES-SCHOLZE SPECTRAL ACTION 43

4.3. Spectral action. We now specialize Theorem 4.2.3 to the case of Dy;s(Bung, A).

Theorem 4.3.1. Assume that ¢ does not divide the order of \m(@)tor| if A =17, Fy, there is a
canonically defined action of Perf(Parg) on Dys(Bung, A) satisfying the following property:

Let A € Homp(u, Zg), upon identifying BungA with Bung, as in Proposition 2.2.6 (3), the
restriction of the action of Perf(Parg) to Perf(Parg) is the Fargues—Scholze spectral action.

Proof. This is a direct combination of Theorems 3.8.5 and 4.2.3. O

4.4. Gradings. Denote by ZgalF’Jr the preimage of ZgalF in G°. Observe that RepA(@e) carries

a natural X*(ZgalF’+)—grading (and the same is true for Zg replacd by Z for any finite Z C Zg),
and, as Fargues proves in [Far22, §12], we have a canonical identification

x rGalp, 4y ~
X528 ) S 1 (G,
We will use this identification without comment in the following.

Lemma 4.4.1 (Extended analogue of [Zou24, Lemma 5.3.2]). For x € m1(G)g,,,., the Hecke
operator Ty« associated to VC € Rep, (G°)X via Theorem 3.8.5 sends A € Diis(Bung" =", A)¥ to
Tye(A) € Dis(Bung"™ "X, A)«.

Proof. By taking Z sufficiently large and finite we can assume that V¢ € Rep, (G/Z)X and that
A € Dys(BunZ ", A)¥. Denote by Ay, A\, € Homp(u,Z) the inertial morphisms associated to
z,X € m(G)Ga,- By construction of Tye (cf. the proof of Theorem 3.8.3) it suffices to prove
this result for the Hecke correspondence

e,1,( Az 7>\z/)\x)
Heky 2

— L

Bunél/\”” Bun

e,z /Ay

p .

From here, the same argument as in the proof of [Zou24, Lemma 5.3.2] holds, replacing the
pullback square loc. cit. (for b € B.(G) with A\, = A\, /X, which in the setting of [Zou24]| is an
element of B(G))

BL
Gra spd(c) — Hekg spao

| I

{b} —— Bung spa(c)

with

&(Am Am/)‘x) BL; 6717(>\m7)\m/Ax)
Gryia — Hcky o

| |

€,z /Ay
{} — BunG,Spd(CV
where BLj is defined using the variant of Beauville-Laszlo from Lemma 3.7.1 (cf. also the proof
of Proposition 3.7.2, identifying the pullback of b to the disk with Qy, /x ) and then using

Proposition 3.5.5 to identify Grg(c’\é’A”/)‘x) with Gré///\z’ispd(c). (]
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4.5. Extended categorical conjectures. With the spectral action in place, we can now for-
mulate the extended variant of the Fargues—Scholze categorical conjecture. Let (U,%) be a
Whittaker datum for G, let us denote by Wy, € Diis(Bung, A) the Whittaker sheaf, i.e.

. . G(F
Wy = ins(c — indg) (1) (4))

where 47 : Buné — Bung is the inclusion of the stratum corresponding to b = 1. Let us denote
by W its extension to Bung, along the closed and open inclusion Bung C Bung,.

Let us denote by

ay, : IndPerf(Parg;) — Dys(Bung, A)
the functor F ~— F * Wy and by cf, : Diis(Bung, A) — IndPerf(Parg;) its right adjoint. These
are the extended versions of the functors
ay : IndPerf(Parg) S Dis(Bung, A) @ ¢y
defined analogously.
Conjecture 4.5.1 (Categorical local Langlands equivalence, [FS21, Conjecture X.3.5]). For
A = Zg[L] where n = |m1(G)ior|, the functor cy induces an equivalence of categories
Diis(Bung, A)* = Cohﬁflp(Parg),

where the right-hand side is the category of coherent sheaves with quasi-compact support and
nilpotent singular support.

Conjecture 4.5.2 (Extended categorical local Langlands equivalence). Under the same assump-
tions as Conjecture 4.5.1, the functor cj, induces an equivalence of categories

Dijis(Bung, A)¥ == Cohly) (Parg).

nilp
As a sanity check for Conjecture 4.5.2, we establish the case of tori in Section 4.6.

Theorem 4.5.3. Conjecture 4.5.2 holds when G is a torus.

Remark 4.5.4. The case of tori for the “classical” Fargues—Scholze equivalence was established
by [Zou24]|; the proof of Theorem 4.5.3 works in the same way.

One of the main tools for the proof of Theorem 4.5.3 is the following analogue of [Zou24,
Lemma 5.3.3]. Recall that by Lemma 4.4.1 (and [Zou24, Proposition 4.3.1]), the category
IndPerf(Parg ) has a natural X*(ZgalF’+)-grading.

Lemma 4.5.5. The functor

ay, : IndPerf(Parg;) — Dys(Bung, A)
preserves the decomposition into X*(ZgalF’Jr) = 71(G)Gal, -graded pieces after twisting the iso-
morphism X*(ZgalF’+) = 11(G)Gar, by —1.
Proof. Using Theorem 4.2.4 to write

IndPerf(Parg) = IndPerf(Parg) IndPerf (pt/G),

®IndPerf(pt/@)

we deduce from the universal property of the relative tensor product that it suffices to prove the
result for the two separate action maps

IndPerf(pt/ée) — Diis(Bung, A), IndPerf(Parg) — Diis(Bung, A)
from Theorem 4.3.1, where we use the X*(ZgalF’+)—grading on IndPerf(pt/G¢) and the usual

X *(ZgalF )-grading on IndPerf(Parg). The former case follows from Lemma 4.4.1 and the latter
case from [Zou24, Lemma 5.3.2]. O
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Recall that there is a well-defined map Par, — pt/G®.
Lemma 4.5.6. Under the hypotheses of Theorem 4.2.4, the functor
IndCohy (Parg) B ndPert(pt/ ) IndPerf(pt/G¢) — IndCoh™

nilp nilp

(Parg;)
is an equivalence.
Proof. 1t follows from Theorem 4.2.4 that the natural functor

IndCoh%(Parg) OndPert(pt/E) IndPerf (pt/G¢) — IndCoh%(Parg)

is an equivalence. As coherent singular support is detected after pullback to Parg, we get the
desired equivalence. O

It follows from Lemma 4.5.6 that Conjecture 4.5.2 can be deduced from the “usual” Fargues—
Scholze categorical conjecture if one proves the following conjecture.

Conjecture 4.5.7. The functor

Diis(Bung, A) IndPerf(pt/@e) — Dyis(Bung, A)

®IndPerf(pt /@)

is an equivalence, where IndPerf(pt/é) acts on Dys(Bung, A) through the spectral action and the
pullback along Parg — pt/G.

Theorem 4.5.8. Conjecture 4.5.7 holds when G has connected center and H*(F, Zg) = 0.
This is proved in §5.2.

Remark 4.5.9. The hypothesis H'(F, Zg) = 0 in the statement of Theorem 4.5.8 comes from
the dependency on [Zou26| in our proof of the theorem. It is expected that the main results of
loc. cit. hold without that assumption. We expect that once the stronger version of [Zou26]| is
established, we should be able to remove the cohomological vanishing assumption on the center.
Note however that for the proof we provide the connectedness of the center is crucial.

Since the categorical local Langlands correspondence for GL,, has been established by [HM26],
we can state the following Corollary :

Corollary 4.5.10. Let G = GL,,, F a finite extension of Q, and A = Q,. If [HM26, Conjecture
1.6.2] holds then Conjecture 4.5.2 holds.

Proof. Tt is an immediate consequence of [HM26, Theorem 1.1.1] and Theorem 4.5.8. g

Remark 4.5.11. Conjecture 1.6.2 in [HM26] is the compatibility of the functor ¢, with geometric
Eisenstein series functors which is expected to hold in full generality.

4.6. Proof of the conjecture for tori. The goal of this subsection is to prove Theorem 4.5.3.
The version of this theorem for the “classical” Fargues—Scholze equivalence was established by
[Zou24]. Since the details are essentially the same, we will provide them only when the argument
differs in a substantive way, and otherwise just refer to [Zou24].

Fix T a torus defined over F. Observe that Bung has a unique Whittaker sheaf W¢ €
Diis(Bunf, A)¥, defined by pushing forward the Whittaker sheaf W ([Zou24, Definition 6.2.1])

on the closed and open Buny = Bun?1 — Bunt.

Proof of Theorem 4.5.3. The identical argument in [Zou24, Lemma 6.2.5] applied to the TGalr+_
gerbe Par over the algebraic space Hom(T'(F), G,,) (as defined in [Zou24, Lemma 4.1.2]), re-
placing Lemma 5.3.3 loc. cit. with our Lemma 4.5.5, implies that it suffices to prove the result

for the induced map
Perf°(Parf)o — D(T(F)-Modz, )*, (4.6)
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where Perfd(Par(.), is the 0-isotypic summand of Perf®(Par%.) under the X*(7¢#7:+)-grading
from [Zou24, Lemma 4.3.2].

By construction (cf. Theorem 4.3.1 and the proof of Theorem 3.8.3), for any G the action
of Perf(Parg) via the pullback map Perf(Parg) — Perf(Parg) is the usual spectral action from
[FS21]. Moreover, any object of Perfa(Par)o has trivial action by T+ by definition and
thus descends to Pary (recall that Par§ = pt/T¢ X ot/ T Pary). We conclude that the map (4.6)

is the same one from the proof of [Zou24, Theorem 6.4.1]. The result then follows from the proof
loc. cit. 0

5. COMPARISON THEOREM FOR CONNECTED CENTERS

Throughout this section we assume that Zg is connected.

5.1. The Picard groupoid Buny_. There is a natural action map
Bung x Bunj,_, % Bung
given by sending (P,U) to U - P.
Proposition 5.1.1. The map a induces an isomorphism of v-stacks
Bung x”""%¢ Bung,, = Bung.

Proof. Evidently the map factors through the quotient by the anti-diagonal Bung,-action, and
the non-empty fibers of a are Bung,-torsors. Surjectivity on geometric points is the same, by
Proposition 2.2.6, as the surjectivity of

B(G) x Be(Zg) — B.(G),

which follows immediately from the surjectivity of B.(Zg) — Hompg(u, Zg) (this is implicit in
the short exact sequence (2.2) which, as recalled loc. cit., is proved in [Far22, §9]). Note that
this is where we use the assumption that G has connected center.

Translating by by in Buny_(C) lifting a given A € Homp(u, Zg) then reduces the claimed
result to the same claim for the action Bung x Bunyz, — Bung, where it is clear. [l

For T an F-rational torus denote by (Dys(Bun?, A), *) the symmetric monoidal category with
the monoidal structure induced by the multiplication map on the Picard groupoid Bun?.. There
is a canonical action of Bun%_ on Bung.

Corollary 5.1.2. There is a canonical equivalence
Dyjs(Bung, A) = Dyjs(Bung, A) ®p,,, (Buns,, ,a) Piis(Bungz,,, A).

Proof. By grouping together components on both sides and translating by by € Buny_ (C) for
A € Homp(u, Zg) if necessary as in Proposition 5.1.1, we are reduced to

Diis(Bung, A) = Dyis(Bung, A) ®p,, (Buny,,,A) Puis(Bunzg, A).
O

Proposition 5.1.3 (Extended analogue of [Zou26, Theorem 3.4]). If HY(F,T) = 0, then the
spectral action of Theorem 4.3.1 induces an equivalence of symmetric monoidal categories

(Diis(Bung,, A), %) — (QCoh(Par%), ®).
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Proof. First, observe that there is (by Proposition 2.2.6) an exact sequence of Picard stacks
1 —pt/T(F) = Bunt — B.(T) —» 1
which (regardless of the assumptions on T') splits after base-changing to Perfd¢ via pulling back

along the canonical map [T /tc] — Kott x Kal.
On the dual side, [Zou26, Lemma 2.5| constructs an isomorphism Pary — Hom(T'(F), Gy) %

pt/TCF compatible with the projections to pt/7T, and since Par§, = pt/T¢ x pty7 Parp this
induces an isomorphism

Par$, = Hom(T'(F), Gy,) x pt/T Gt
From here the proof of [Zou26, Theorem 3.4] holds verbatim. O

5.2. Proof of Theorem 4.5.8. The goal of this subsection is to prove Theorem 4.5.8, that is,
we want to prove that the following map (cf. Conjecture 4.5.7)

Diis (Bung, A) @1, gpert (/&) IAdPerf (pt/G°) — Dyis (Bun;, A) (5.1)
is an equivalence assuming G has connected center and H*(F, Zg) = 0.

Lemma 5.2.1. If G has connected center then there exists a canonical isomorphism of stacks

o~ —~ e o~

pt/G X o) 75 pt/Za =pt/G°. (5.2)
Proof. This follows from the fact that Ge = CA}SC X @n Zz; where the transitions are given by
z— 2" [l

It follows from Lemma 5.2.1 that the left-hand side of (5.1) is then equivalent to

Dyis(Bung, A) @ qpert(pt/&) IndPerf(pt/G¢) = Dys(Bung, A) @ IndPerf(pt/Z\Ge).
(5.3)

IndPerf(pt/Z¢)

Proof of Theorem 4.5.8. We have the following chain of equivalences
Diis(Bung, A) ®paper(pr) @) IndPerf(pt/G®)
> Dy (Bung, A) ®
= Dy A)
= Dyis(Bung, A) @p,,, (Buny,,,A) Dis(BunZz,,, A)
= Djis(Bung, A).

—~€
IndPert(pt/ Z2) IndPerf(pt/Z¢ )

BHHG7 ®IndPerf Parz ) IndPerf(ParZG)

The maps are as follows :

(1) the first equivalence is (5.3),

(2) the second map is (4.5) applied to Zg,

(3) the third map follows from the equivalence of Proposition 5.1.3 and the fact that in
the non-extended setting, this action is compatible with the action of Dys(Bung,, A) on
Diis(Bung, A), which is [Zou26, Theorem 4.1],

(4) the last equivalence follows from Corollary 5.1.2;

we have thus proven the result. O
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